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Lemma. Let A be a commutative algebra over Fp, D ∈ Der(A), f ∈ A. Then

Dp−1(fp−1Df) = fp−1Dp(f) −D(f)p.

Proof. It suffices to prove the lemma for the polynomial ring A = Fp[x0, x1, . . .] in countably many variables

with f = x0 and D ∈ Der(A) the derivation defined by D(xi) = xi+1 for all i ≥ 0.
Now let B = Z/p2Z[x0, x1, . . .] and let D denote the derivation defined by D(xi) = xi+1 for all i ≥ 0.

We have B/pB = A, and D ≡ D mod p. Lifting to B allows us to obtain the left-hand side of the desired
identity in the following way:

(1) Dp(fp) = Dp−1(D(fp)) = pDp−1(fp−1Df).

Now applying the Leibniz rule p times to Dp(fp), we obtain

Dp(fp) =
∑

i1+···+ip=p

p!

i1! · · · ip!
Di1(f) · · ·Dip(f).

Given (i1, . . . , ip), let ri be the number of j ∈ {1, . . . , p} with ij = i. Since the derivatives of f commute, the
term

p!

i1! · · · ip!
Di1(f) · · ·Dip(f)

appears p!/(r1! · · · rp!) times in the above sum. Hence, all terms in the sum disappear except for two cases:
those where ij = p for some j, corresponding to the term fp−1Dp(f) which appears p times; or those all ij
are equal, corresponding to the term p!D(f)p, appearing once. Thus,

(2) Dp(fp) = pfp−1Dp(f) + p!D(f)p.

Equating (1) and (2), then dividing by p, gives the desired formula. �

Remark. This identity appeared in the Seminaire Claude Chevalley in 1958, in a talk by Seshadri on Cartier
operators [4, Lemma 2], where it is attributed to Hochschild. This was in the same year as Cartier’s paper
[2, p. 203, (42)], where the identity appears in connection with logarithmic differential forms. Cartier cites
[1, p. 59] for proof of this identity. The proof by Barsotti uses a similar technique as above, but is more
complicated. That proof also appears in a Stack Exchange post [3].
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