Regular holonomic D-modules and equivariant
Beilinson-Bernstein

Joshua Mundinger

January 22, 2020

Abstract

These are notes for Kazhdan-Lusztig conjecture seminar, Winter
2020. Let G be an algebraic group, K a closed subgroup, and X
a G-space with finitely many K-orbits. For example, we may take
K = B and X to be the flag variety. I will show how to localize
(g, K)-modules to X a la Beilinson and Bernstein, and show that this
localization is a regular holonomic D-module. This lets us investigate
(g, K)-modules via perverse sheaves on X, as will be discussed in the
future. In the course of the talk, I will define every word in the title
and give examples.

Throughout, we will work over C. Given a morhpism of varieties
f: X — Y, then f,, f* will denote the non-derived pushforward and
pullback of D-modules, and f,, f* the derived versions.

1 Holonomic D-modules

Let X be a smooth variety over C. Recall that Dx carries a PBW
filtration {FFPWDy}iso satisfying grppy Px = SymTy. For 7 :
T*X — X, we have Sym Tx = m,Orp-x. Taking associated graded of
a compatibly filtered D-module thus gives a module over Op-x; while
this module depends on the filtration, its support does not (given
certain necessary conditions).

Definition 1.1. A good filtration on a Dx-module M is an exhaustive

nonnegative Ox-module filtration {F;M };>¢ such that

1. it is compatible with the PBW filtration: (FEFBWDx)F;M C
Fz‘+jM;



2. the associated graded grp M is coherent over grpgy Dx.

A Dx-module with a good filtration is coherent. Conversely, ev-
ery coherent Dx-module has a good filtration: if X is affine and
S C I'(X, M) is a finite generating set, then let F;M = FFBWS.
In general, globalize this construction.

Recall for a coherent sheaf of Oy-modules F, the support of F is
supp(F) ={z € Y | F, # 0}, and the characteristic cycle of F is

CC(F) = > mz|Z],

Z components of supp(F)

an algebraic cycle. The only facts we need about the multiplicities
my is that they are nonnegative, and that CC is additive on exact
sequences.

Proposition 1.2 ([3], Proposition D.3.1). If M is a coherent Dx-
module, the characterstic cycle of grp M does not depend on the choice
of a good filtration F.

Proof. The proof is by Bernstein’s trick [2, §8]. Say two filtrations F’
and F’ are neighboring if for all 7,

FMC F/MC FM.

First, we show that if F and F” are neighboring, then CC(grp M) =
CC(gry M). The condition that F' and F’ are neighboring gives maps
induced by inclusion

©i - FlM/EflM — FZ,M/FZ/—IM

0 — kerp — grp M — grp M — coker p — 0.

Then ker p; = (F/_{MNFM)/F;_1M = F]_ | M/F,_1M since F and
F’" are adjacent. As cokery; = F/M/F;M, so coker p = (ker ¢)[1].
Additivity of the characteristic cycle shows the desired result.

Now given arbitrary good filtrations F' and F’ and an integer k,
define filtrations G*) by ng)/\/l = FMA+F] M. Certainly G®*) and
G*+1) are adjacent for all k. Since F’ is good, for k << 0 such that
the generators of gry M lie in F_yM, G*) = F. Since F is good, for
k >> 0 such that the generators of grp M lie in FM, G*) = F'[k].
This proves the claim. O



Definition 1.3. Given a Dx-module M, let F' be a good filtration.
The singular support of M is

SS(M) =suppr*(grp M) C T*X.
The characteristic cycle is
CC(M)=CC(grp M).

Example 1.4 ([3], Example 2.2.4). Suppose M is a vector bundle
of rank r with flat connection on X. Then the filtration FyM =
0, [itM = M has grpM = O%. Hence, CC(M) = r[X], where
X — T* X via the zero section.

Proposition 1.5. If 0 - M’ - M — M"” — 0 is a short exact
sequence of Dx -modules, then

CC(M) = CC(M') + CC(M").

Proof. A good filtration on M defines compatible filtrations on M’

and M” | giving a short exact sequence of associated graded modules.
O

The following is the first main theorem on singular support.

Proposition 1.6 (Bernstein’s inequality). If M is a coherent Dx-
module and Z is an irreducible component of SS(M), then dim Z >
$dimT*X.

There is a refinement due to Gabber: the support is a coisotropic
variety with respect to the Poisson structure of T*X. There is an
elementary proof for X = A™ due to Bernstein [I]. A general proof is
in [3][Section 2.3], following [2]. The sketch of the argument is: if the
support is not dense in the zero section of T* X, restrict to a locally
closed subvariety and induct (via Kashiwara’s Lemma).

Definition 1.7. A coherent Dy-module M is holonomic if M = 0 or
1
dim SS(M) =dim X = §dimT*X.

By Proposition[I.5] we have that holonomic Dx-modules are closed
under subquotients and extensions, that is, they form a thick sub-
category of Dx-modules. Further, as the characteristic cycle is ad-
ditive and the dimension of the support can’t decrease, holonomic
Dx-modules are of finite length.

Let D%(Dx) denote the bounded derived category of Dx-modules
with holonomic cohomology. We will need the follwing statements:



Proposition 1.8 ([3], Theorem 3.2.3). If f: X — Y is a morphism
of smooth varieties, then fi : DY(X) — DY(Y) and f+ : DY(Y) —
Db (X).

A more down-to-earth statement is: the higher pullbacks and push-
forwards of holonomic D-modules are holonomic.
Also, Bernstein claims this, but it’s not obvious to me:

Proposition 1.9 ([2], Section 9). If 7 : X — Y is a smooth morphism
and M is a holonomic Dx-module, then M is a holonomic Dy -
module.

2 Regular D-modules

2.1 Regular meromorphic connections

Let C be a smooth curve over C with function field K. We first
investigate connections over K, that is, connections on the generic
point of C.

Definition 2.1. A meromorphic connection on C'is a finite-dimensional
K-vector space M equipped with V : M — Q%{/(‘c ® K M satisfying the
Leibniz rule: V(fu) =df ® u+ fVu.

The difference between meromorphic connections is a linear map,
so by picking a basis M = K™, any meromorphic connection is of the
form d + A for A € M, (K).

Example 2.2. C =P!, K = C(z), M = K with V =d — a%.

Definition 2.3. A meromorphic connection M is reqular at p if there
exists a basis such that if V = d + A in this basis, then ord,A > —1.

Proposition 2.4. The following are equivalent for a meromorphic
connection (M,V):
o M 1s reqular at p;

o if x is a uniformizer for Ocy, and O is a derivation of K/C
with 0(x) = 1, then for all u € M, there exists an Oc,) lattice
u € L C M stable under xVy;

e for x,0 as above, for all u € M there exists f € K[T| such that
f(@Va)u=0.



It follows that the latter criteria hold independent of the choice
of a uniformizer x for O¢ ). It follows from the third criterion that
regular meromorphic connections are closed under subquotients and
extensions, that is, they form a thick subcategory of meromorphic
connections.

Definition 2.5. A Dg-module M is regular if and only if, given a
completion C, the associated meromorphic connection to M is regular
at all p € C.

2.2 General varieties

Definition 2.6. Let X be a variety. A holonomic Dx-module M is
regular holonomic if and only if for all morphisms &k : C' — X of curves
into X and all i > 0, H'k*(M) is a regular Do-module.

Regular Do-modules are closed under subquotients and extensions,
so regular holonomic Dx-modules are also closed under subquotients
and extensions.

Proposition 2.7. For 7 : X — Y a smooth morphism, M a holo-
nomic Dy -module, M is reqular holonomic if and only if 7™M is
regular holonomic.

Proof. This follows from curve-testing: if k : C — X, then k™7t M =
(mo k)t M. Conversely, maps k : C' — Y locally lift to X since 7 is
formally smooth. O

Let foh(D x ) denote the bounded derived category of regular holo-
nomic Dx-modules.

Proposition 2.8 ([3], Theorem 6.1.5). If f : X — Y, then f* :
DY, (Dy) — Db, (Dx) and f; : DY, (Dx) — D%, (Dy).

Proof of the statement for pullbacks. The statement for pullback fol-
lows from Propositions [I.8 and just as in O

3 Equivariant D-modules

Throughout this section, let G be an algebraic group acting on the
variety X, K C G a closed subgroup. The action gives a morphism
o:G x X — X satisfying

co(lxo)=0co0(mx1),



for m : G x G — G the multiplication.

Definition 3.1. A Dx-module M is weakly G-equivariant if there is
an isomorphism of Og X Dx-modules ¢ : 0* M — w5 M satisfying the
cocycle condition: on G X G x X,

(1 xo)c*M (xo)e, (1 xo)'TsM —— m330*M
H ris|
(mx Dro*M D s 1M —— M

M is equivariant if o is an isomorphism of Dgy« x-modules.

Weak G-equivariance implies that global sections are a representa-
tion of G. If M is weakly equivariant, then there are two actions of g
on M: one coming from differentiating the weakly equivariant struc-
ture, and the other from the map g — Dy induced by differentiating
the G-action on X.

Proposition 3.2 ([5]). Let M be a weakly equivariant Dx-module.
Then M is equivariant if and only if the two actions of g on M
coincide.

For instance, Dx is not equivariant, although it is weakly equiv-
ariant [0, [4]. The action of G on Dy is by conjugation of differential
operators, so differentiating the action gives tha £ € g acts on a local
section D of Dx by D — [¢, D]. However, g — Dx acts on Dx by
left-multiplication.

3.1 Equivariant localization

We now give a general construction for K-equivariant Dx-modules,
given a (g, K)-module, generalizing the localization construction in
the Beilinson-Bernstein correspondence.

Definition 3.3. A (g, K)-module V' is a g-module and an algebraic
K-representation such that

o differentiating the K-action agrees with the action of £ C g;
o k(X -v)=Adk)(X) -kvforallveV, ke K, X €g.
Theorem 3.4. Let V be a (g, K)-module. Define
Loc(V) = Dx @yy V.

Then Loc(V) is a K-equivariant Dx-module.
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This appears when K = G in [4, Lemma 2.1].

Proof. Weak equivariance follows since Dx is weakly equivariant [4}
Lemma 2.1], and constant sheaves are trivialized.

Once we know Loc(V') is weakly equivariant, to check that it is
strongly equivariant, we just need to check that the ¢-actions induced
by that of K via equivariance and by 1 : £ — Dx agree. The equivari-
ant K-action is defined by k- (D®v) = ko Dok~ !®kv. Differentiating,
we obtain that for £ € &,

£ (D®v)=[Y(§),D]®@v+ D® .
The action from ) : £ — Dx is given by
YD @ =[(§), D] @v+ Dip(§) @v = [¢(£), D] @ v+ D @ &v,
as desired. 0

3.2 Regularity of certain equivariant D-modules

We didn’t have time during the talk to discuss this theorem.

Theorem 3.5 ([3], Theorem 11.6.1). Let Y be a smooth variety and
K an algebraic group acting on Y with finitely many orbits. Then
every coherent equivariant Dy -module is reqular holonomic.

Lemma 3.6 ( [3], Proposition 1.7.1). If X D U is an open subset
such that Z = X \ U is smooth, j : U — X, i:Z — X, then there is
a distinguished triangle

iitTM > M — it M T

Proof of Theorem[3.5 Induct on the number of orbits. If Y is a single
orbit, then Y = K/K' for K' < K. Set 0 : KXY =Y, m: KXY —
Y. If M is equivariant, then set 7 : K — Y the quotient map,
i:K— KxY byi(k)= (k"1 kK.

T'M = (1 04)"M = i*ma M =2 i* 0" M.

But, ooi(k) = K, so the latter pullback factors through the one-point
space { K'}. Hence, 7*M = O @c M for M some vector space. Since
M is coherent, M is finite-dimensional, so 7* M is regular holonomic.
By Proposition 2.7} M is regular holonomic.

Inductive step: pick a closed orbit, use Lemma |3.6, use that reg-
ular holonomic modules are closed under pullback, pushforward, and
extensions. O



3.3 Equivariant Beilinson-Bernstein

Now let G be a semisimple group, B C G a Borel, X = G/B the flag
variety. Putting together all our constructions gives:

Theorem 3.7 (Equivariant Beilinson-Bernstein localization). The
Beilinson-Bernstein equivalence restricts to an equivalence

Loc : (g, B)-mod < Dy -mod? : T,

where Dx -mod® denotes the category of B-equivariant Dx-modules.
Further, if V € (g, B) -mod, then Loc(V') is regular holonomic.
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