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What is a tropical linear space?

David Speyer defined a tropical linear space to be a certain type of
polyhedral complex (2008).
Tropical linear spaces have tropical Plücker coordinates which
satisfy the tropical analogue of the Plücker relations.

Theorem (Fink 2014)

Tropical linear spaces are degree 1 tropical varieties.



Summary

Our perspective:

I Tropical linear spaces ↔ certain modules over T.

I “Constant-coefficient” tropical linear spaces ↔ matroids.

I Geometric properties of tropical linear spaces ↔ combinatorial
properties of matroids.



Module theory

Definition
A semiring S satisfies all the axioms of a ring, except for the
existence of additive inverses.

Example

The tropical semifield T = R ∪ {−∞} has operations

I addition a⊕ b = max{a, b}
I multiplication a� b = a + b.

T is an idempotent semiring: a⊕ a = a for all a ∈ T.

Example

The Boolean semifield is the sub-semiring B = {−∞, 0} ⊆ T.
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Module theory

Definition
A module over a semiring S is an abelian monoid M with a
bilinear, associative map S ×M → M such that, written
multiplicatively, 1m = m for all m ∈ M.

Example

Tn has standard basis ei = (−∞, . . . ,−∞, 0i ,−∞, . . . ,−∞).
Note ei ∈ Bn ⊂ Tn.

Theorem
If M is a free T-module, then M has a unique basis up to
permutation and scaling.
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Matroids

Definition
A matroid on ground set E with bases B is a set B of subsets of E
which satisfies strong basis exchange: if B,B ′ ∈ B and
u ∈ B − B ′, then there exists u′ ∈ B ′ − B such that B − u + u′

and B ′ − u′ + u are in B.

Cryptomorphisms of matroid axioms: independent sets, circuits
(minimal dependence relations), flats, . . .



Tropical Plücker relations

Tropical linear spaces are described by Plücker coordinates: wI ∈ S
for I ∈

(E
d

)
such that∑

i∈A−B
wA−iwB+i =

∑
i 6=j

wA−iwB+i

for all A ∈
( E
d+1

)
, B ∈

( E
d−1
)
, and j ∈ A− B.

When wI ∈ B: equivalent to strong basis exchange axiom for
B = {I : wI 6= −∞}.



What is a tropical linear space?

Definition
If w ∈ S(Ed) are tropical Plücker coordinates, the
tropical linear space Lw ⊆ SE with coordinates w is⋂

J∈( E
d+1)

{v :
∑
i∈J

wJ−ivi =
∑
i∈J−j

wJ−ivi for all j ∈ J}

If M is a matroid on E , let LM ⊆ BE denote the tropical linear
space with Plücker coordinates the indicator vector of bases of M.

Theorem (Murota 2001, matroid folklore)

If M is a matroid, then LM is generated as a B-module by the
indicator vectors of cocircuits.
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Minors, strong maps, and geometry

Minors of matroids
If M is a matroid on E and T ⊂ E , then two matroids on E − T
may be defined:

I deletion M \ T
I contraction M/T .

Theorem (Frenk 2013)

Let M be a matroid on E , and let T be a subset of that ground
set. Then

I LM/T = LM ∩ TE−T

I LM\T = πE−T (LM)
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Minors, strong maps, and geometry

Definition
Let M be a matroid on E and N be a matroid on F . A strong map
f : M → N is a pointed function f : E ∪ ∗ → F ∪ ∗ such that the
preimage of a flat of N is a flat of M.

Theorem
Let f : E ∪ ∗ → F ∪ ∗ be a function. Define f∗ : TE → TF by

f∗(ei ) =

{
ef (i) f (i) 6= ∗
0 f (i) = ∗

.

Let M and N be matroids on E and F . Then f : M → N is a
strong map if and only if the dual transformation f ∨∗ satisfies
f ∨∗ (LN) ⊆ LM .
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Minors, strong maps, and geometry

Theorem (Higgs 1968)

Let M and N be matroids on E . Then id : M → N is a strong
map if and only if there exists Q on E ∪ I such that M = Q \ I and
N = Q/I .

Theorem
Let M and N be matroids on the same ground set E . Then
LN ⊆ LM if and only if there exists LQ such that πE (LQ) = LM
and LQ ∩ TE = LN .



Minors, strong maps, and geometry

Theorem (Higgs 1968)

Let M and N be matroids on E . Then id : M → N is a strong
map if and only if there exists Q on E ∪ I such that M = Q \ I and
N = Q/I .

Theorem
Let M and N be matroids on the same ground set E . Then
LN ⊆ LM if and only if there exists LQ such that πE (LQ) = LM
and LQ ∩ TE = LN .



Transversal matroids

Definition (Fink and Rincon, 2015)

A Stiefel tropical linear space is a tropical linear space whose
Plücker coordinates are the maximal minors of a tropical matrix.

Stiefel tropical linear spaces over B: transversal matroids.



Transversal matroids

For the classical Stiefel map kd×n 99K
∧d kn, the fibers are

GLd -orbits. Every fiber contains a unique matrix of the form[
Id A′

]
(up to column permutation).

Theorem
A Stiefel tropical linear space L over B is represented by a matrix
A =

[
Id A′

]
(up to column permutation) if and only if L

corresponds to a fundamental transversal matroid.



Future directions

I Classifying general L ⊂ L′

I Matroids over hyperfields
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