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CASIMIR KOTHARI AND JOSHUA MUNDINGER

Abstract. We prove that fiberwise-connected finite locally free commutative group schemes over

a ring R are equivalent to an explicit full subcategory of the derived category of modules over the
Cartier ring of R.

1. Introduction

Given a commutative ring R, let C(R) be the category of finite locally free commutative group
schemes over Spec(R) whose fibers are connected. The goal of this paper is to describe the category
C(R) via two-term complexes in the derived category of Cartier modules over R.

Suppose that G ∈ C(R) has order N > 1; then N is nilpotent in R. For if A is the coordinate
ring of G with augmentation ideal I, then I is nilpotent. By Deligne’s theorem [TO70, Theorem 1],
[N ]G = 0, so [N ]∗I = 0. On the other hand, [N ]∗ acts by multiplication by N on the associated
graded I/I2, so some power of N acts by zero on I. Since I is locally free, N is nilpotent in R.

By the Chinese Remainder Theorem, it suffices to fix a prime p and work over a p-nilpotent ring R.

To state the main theorem, let ˆ︂W be the p-typical formal Witt group over R and let ER = End(ˆ︂W )op

be the (p-typical) Cartier ring. To present ER explicitly, let DR be the ring generated by W (R) and
the symbols F and V , subject to the relations FV = p and Fa = σ(a)F, aV = V σ(a), V aF = v(a)
for all a ∈W (R), where σ is the Witt vector Frobenius and v is the Witt vector Verschiebung. Then
ER is the completion of DR with respect to the filtration {V nDR}n≥1. We may also view DR as
generated by F, V, and [r] for r ∈ R, where [−] : R → W (R) is the multiplicative lift. From this
perspective, ER consists of infinite sums of the form∑︂

m,n≥0

V n[rnm]Fm

where rnm ∈ R, and for fixed n, all but finitely many of rnm are zero. The ring ER is used in
p-typical Cartier theory, which provides an equivalence of categories between commutative formal

Lie groups over R and V -reduced V -flat left ER-modules via the functor Hom(ˆ︂W,−).
To state our main theorem, we recall the notion of a V -divided Cartier module over an Fp-

algebra R, as defined in [Zin84]. If N is a left ER-module, then the Frobenius twist of N is N (p) :=

ER ⊗σ,ER
N , where σ is the Frobenius on ER. There is an ER-linear Frobenius map N → N (p),

defined by n ↦→ V ⊗ n, and the V -divided Cartier module of N is the left ER-module

Div(N) := lim−→N (pi)

where the colimit is taken along the Frobenius maps N (pi) → N (pi+1). The V -divided Cartier module
functor Div is right exact and therefore admits a left derived functor LDiv : D(ER)→ D(ER).

Definition 1.0.1. The Cartier–Dieudonné functor over R is the functor M : C(R) → D(ER)
defined by

M(−) := τ≤1RHomfpqc(ˆ︂W,−).
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Theorem A. Let R be a p-nilpotent ring. The Cartier–Dieudonné functor over R is fully faithful.
Its essential image consists of those M ∈ D(ER) such that

i. M is derived V -complete;
ii. M/LVM is a perfect complex of R-modules of tor-amplitude [0, 1];

iii. LDiv(ER/pR

L
⊗
ER

M) = 0.

The Cartier–Dieudonné functor has an equivalent description in terms of formal Lie groups.
Every G ∈ C(R) admits a functorial two-term resolution 0→ G→ K → L→ 0 where K and L are
commutative formal Lie groups over R (Corollary 3.1.7), and there is a natural isomorphism

M(G) ∼= Fib(Hom(ˆ︂W,K)→ Hom(ˆ︂W,L))

in D(ER) (Remark 3.2.4). From this perspective, the first two conditions of Theorem A describe
those M ∈ D(ER) which are equivalent to a two-term complex of Cartier modules of formal Lie
groups, while the third condition describes those two-term complexes corresponding to isogenies of
formal Lie groups. Our work consistently makes use of the relationship between connected finite
locally free group schemes and formal Lie groups.

Remark 1.0.2. In [Oor74], Oort considered classifying C(R) when R is a complete local noetherian
ring of residue characteristic p. Oort also used the idea of resolving G ∈ C(R) by commutative formal
Lie groups 0 → G → K → L → 0, then applying Cartier theory to K and L. However, instead of

considering the two-term complex [Hom(ˆ︂W,K)→ Hom(ˆ︂W,L)] in D(ER), Oort considered only the

cokernel MOort(G) = coker(Hom(ˆ︂W,K) → Hom(ˆ︂W,L)). The functor G ↦→ MOort(G) is not fully
faithful. For example, when R is an Fp-algebra and G = αp, the natural map

EndR(αp)→ EndER
(MOort(αp))

is identified with the pth power map R→ Rp, which is not an isomorphism if R is not reduced. See
Example 3.3.2 for more details.

Remark 1.0.3. For G ∈ C(R), there is a canonical isomorphism of M(G)/LVM(G) with the Lie
complex ℓ∨G of G. Thus, we may viewM(G) as a V -adic lift of the Lie complex of G. Moreover,M(G)
is an iterated extension of the Frobenius restricted complexes ℓ∨G, ℓ

∨
G|σ, ℓ∨G|σ2 , . . . (see Proposition

4.1.3).

The structure of this article is as follows. In §2, we explain background in formal Lie groups
and Cartier theory. We treat formal Lie groups of countable type and the corresponding Cartier
theory, which may be of independent interest. For our applications to Dieudonné theory, we only

need Proposition 2.3.7, which states that Ext1fpqc(ˆ︂W,K) = 0 for any commutative formal Lie group
K over R. We then study isogenies of formal Lie groups and describe them Cartier-theoretically in
the derived category D(ER). In §3, we study the category C(R) and prove Theorem A. §4 discusses
further properties of the Cartier–Dieudonné functor such as the V -adic filtration, compatibility with
base change, and exactness.

Conventions. Throughout this article, “countable” means finite or countably infinite. We work
with the fpqc topology by default, although our results also work in the “fidèlement plat, présentation
dénombrable” (fppd) topology, and our results for finite-dimensional formal Lie groups are also valid
in the fppf topology.

Unless otherwise stated, whenever R is a p-nilpotent ring, we set R = R/pR, and use an overline
to denote reduction from R to R.

We use cohomological conventions for the derived category of modules over a ring. The shift
functor [1] satisfies Hi(M [1]) = Hi+1(M).
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2. Formal Lie groups and Cartier theory

Cartier theory describes the category of formal Lie groups in terms of maps from the Witt vector

formal group ˆ︂W . However, ˆ︂W is not a formal Lie group in the usual sense since it is infinite-
dimensional. Thus, it is useful to have a supple theory of infinite-dimensional formal Lie groups.
Zink’s approach to Cartier theory [Zin84] sidesteps such geometric questions by studying formally
smooth functors on nilpotent algebras. However, for questions of extensions and descent, we will
need to consider representability.

In this section, we introduce formal Lie groups of countable type and state their classification in
terms of Cartier theory. The underlying set-valued functor of a formal Lie group of countable type
over R is of the form A ↦→ Nil(A)⊗RM whereM is a countably generated projective R-module. This

is a “Goldilocks zone” which allows for infinite-type objects like ˆ︂W but avoids certain difficulties
with formally smooth ind-schemes of uncountable type.

2.1. Based formal polydisks of countable type. Let R be a commutative ring. Recall that an
ind-scheme over SpecR is a functor X : CAlgR → Set which is a filtered colimit of schemes along
closed immersions. Since filtered colimits in Set commute with finite limits, an ind-scheme is an fpqc
sheaf. An ind-scheme is ind-affine if it is the colimit of affine schemes along closed immersions. An
ind-affine ind-scheme is ind-finite over SpecR if those affine schemes may be taken to be finite over
R.

Recall that a nilpotent R-algebra is a non-unital commutative R-algebra N where there exists
m > 0 such that Nm = 0. If N is a nilpotent R-algebra, then we can form the augmented nilpotent
R-algebra R⊕N , which is a unital R-algebra.

Proposition 2.1.1. Let X → SpecR be an ind-finite ind-scheme equipped with a section e :
SpecR→ X. The following are equivalent:

i. for all x ∈ X(A) there exists a finitely generated nilpotent ideal I ⊆ A such that x maps to
e ∈ X(A/I);

ii. for all x ∈ X(A) there exists a finite nilpotent R-algebra N such that x factors through
X(R⊕N) over e;

iii. X is a filtered colimit lim−→α
Spec(R⊕Nα) where each Nα is a finite nilpotent R-algebra.

Proof. Write X = lim−→α
SpecBα where each Bα is finitely generated as an R-module; then X(A) =

lim−→α
Hom(Bα, A) for all A ∈ CAlgR. Since our colimit is filtered, we can assume that e : SpecR→ X

factors through every SpecBα → X; hence each Bα has an augmentation ϵα : Bα → R.
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Suppose i. If x ∈ X(A), then there exists α such that x factors through SpecBα(A), and so that
the image of x in SpecBα(A/I) is e for some finite nilpotent ideal I. Thus we have a diagram

Bα A

R A/I

f

ϵα .

Then f factors through (ϵα, f − ϵα) : Bα → R ⊕ I. If N is the image of the augmentation ideal of
Bα in I, then N is nilpotent, finite over R, and f factors through R⊕N . Thus i. =⇒ ii.

Suppose ii. Given α, the structure map SpecBα → X factors through some Spec(R ⊕ N).
Hence there is β ≥ α such that the map Bβ → Bα factors through R ⊕ N compatibly with the
augmentations. Since Bβ → Bα is surjective, this implies Bα = R ⊕Nα where Nα is the image of
N . Therefore Nα is a finite nilpotent ideal. Thus ii. =⇒ iii.

Suppose iii. Given x ∈ X(A), there exists α such that x factors through Spec(R ⊕ Nα) → X.
Then set I = ANα. Thus iii. =⇒ i. □

Definition 2.1.2. A pointed ind-scheme (X, e) is ind-infinitesimal if it is ind-finite and satisfies the
equivalent conditions of Proposition 2.1.1.

Definition 2.1.3. Let R be a commutative ring. A based formal polydisk of countable type (or based
ℵ0-polydisk) over R is a pointed ind-scheme (X, e)→ SpecR such that

i. X → SpecR is an ind-finite ℵ0-ind-scheme, that is, a countable colimit of schemes along
closed immersions;

ii. (X, e)→ SpecR is ind-infinitesimal;
iii. X → SpecR is formally smooth.

Let ℵ0-Polyd(R) be the groupoid of based ℵ0-polydisks over R and their isomorphisms.

Example 2.1.4. Let I be a countable set. Consider the functorˆ︁AI(A) = {f ∈ AI | f(i) is nilpotent, f(i) = 0 for all but finitely many i};

The functor is formally smooth. Let e = 0 ∈ ˆ︁AI(R). Then ˆ︁AI is the filtered colimit

lim−→J⊂Ifinite
lim−→n∈N Spec(R[xj | j ∈ J ]/(xj | j ∈ J)n),

and thus is an ind-infinitesimal ind-scheme. The system of finite subsets of I is countable, so ˆ︁AI is

ℵ0. Thus (ˆ︁AI , 0) is a based ℵ0-polydisk.

Note that the example ˆ︁AI is of the form A ↦→ Nil(A)⊗RM where M =
⨁︁

I R is a free R-module.

Definition 2.1.5. For an R-module M , define ˆ︁AM : CAlgR → Set byˆ︁AM (A) = Nil(A)⊗R M.

Theorem 2.1.11 below shows that every based ℵ0-polydisk is of the form ˆ︁AM where M is a
countably generated projective module. To prove this, we use the characterization of countably
generated projective modules as flat Mittag-Leffler modules, which is more suited to the geometry
of ind-schemes. The notion of flat Mittag-Leffler module was introduced by Raynaud and Gruson
in their study of fpqc descent for projective modules [RG71]. Recall Lazard’s theorem that an
R-module is flat if and only if it is a filtered colimit of finite free modules.

Definition 2.1.6. An R-module M is flat Mittag-Leffler if when M = lim−→α
Fα for finite free R-

modules Fα, the pro-system of dual modules F ∗
α is Mittag-Leffler: for all α there exists β ≥ α such

that for γ ≥ β,
im(F ∗

γ → F ∗
α) = im(F ∗

β → F ∗
α).
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The Mittag-Leffler condition on F ∗
α means that the pro-system F ∗

α is equivalent to a pro-system
of R-modules with surjective transition maps (take Mα to be the stable image of F ∗

β → F ∗
α).

Theorem 2.1.7 (Raynaud–Gruson, [Sta25], Tag 059X). For a countably generated R-module M ,
M is flat Mittag-Leffler if and only if M is projective.

The following proposition is useful for identifying flat Mittag-Leffler modules.

Proposition 2.1.8 ([BD91], Proposition 7.12.6; [AM25], Theorem 2.3.1). Consider functors R−mod→
R−mod of the form M ⊗R − for an R-module M and of the form lim−→α

Hom(Nα,−) for a filtered

system of R-modules Nα.

i. A functor of the form M ⊗R − is isomorphic to one of the form lim−→α
Hom(Nα,−) if and

only if M is flat.
ii. A functor of the form M ⊗R − is isomorphic to one of the form lim−→α

Hom(Nα,−) with

surjective transition maps Nβ → Nα if and only if M is flat Mittag-Leffler.
iii. A functor of the form lim−→α

Hom(Nα,−) with surjective transition maps Nβ → Nα is iso-

morphic to one of the form M ⊗R − if and only if the functor is exact and the modules Nα

are finitely generated.

Remark 2.1.9. There is a more general notion of a Mittag-Leffler module without flatness, but we
only require the notion of flat Mittag-Leffler module.

Recall that if X : CAlgR → Set is a functor and x ∈ X(A) is a point of X, then the tangent space
to x is the functor TxX : A−mod→ Set defined by TxX(M) = X(A⊕M)×X(A) {x}.

Lemma 2.1.10 (cf. [BD91], 7.12.12). Suppose that X → SpecR is a formally smooth ind-scheme
of ind-finite type and x ∈ X(A). Then TxX(A) is a flat Mittag-Leffler A-module and TxX(−) =
TxX(A)⊗A −.

Proof. WriteX = lim−→α
Xα forXα → SpecR schemes of finite type. Then TxX(−) = lim−→α

Hom(x∗Ω1
Xα/R,−).

The A-modules x∗Ω1
Xα/R are finitely generated and the transition maps are surjective. Since X is

formally smooth, the functor TxX is exact. By Proposition 2.1.8, TxX is given by tensoring with a
flat Mittag-Leffler A-module, which must be TxX(A). □

We can now prove a classification of based ℵ0-polydisks in terms of countably generated projective
modules.

Theorem 2.1.11. i. If M is an R-module, then (ˆ︁AM , 0) is a based ℵ0-polydisk if and only if
M is countably generated projective.

ii. ([BD91, Proposition 7.12.18]) Suppose (X, e)→ SpecR is a based ℵ0-polydisk. Then

(X, e) ∼= (ˆ︁AM , 0)

where M = TeX(R).

Proof. i. First suppose that (ˆ︁AM , 0) is a based ℵ0-polydisk. By definition, M = T0ˆ︁AM . By

Lemma 2.1.10, M is flat Mittag-Leffler; since ˆ︁AM is ind-infinitesimal and ℵ0, T0X(−) =
lim−→α

Hom(Nα,−) where the modules Nα are finitely presented and the colimit is countable.

If we write M as a colimit of finite free modules Fβ , then the pro-systems {Nα} and {F ∗
β}

are equivalent; the system of Nα’s is countable, so we may refine the system of F ∗
β ’s to be

countable. Thus M is countably generated. By Theorem 2.1.7, M is countably generated
projective.

Conversely, if M is countably generated projective, write M = lim−→α
Fα where each Fα is

finite free and the colimit is countable. Since the pro-system F ∗
α is Mittag-Leffler, by passing

https://stacks.math.columbia.edu/tag/059X
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to the stable images Nα, we obtain an equivalent pro-system of finitely generated modules
with surjective transition maps. Thenˆ︁AM (A) ∼= lim−→α

HomR(Nα,Nil(A))

= lim−→α
lim−→n∈N HomCAlgR

(Sym(Nα)/Sym(Nα)>n, A)

since each Nα is finitely generated. This exhibits ˆ︁AM as an ind-infinitesimal ℵ0-ind-scheme.
It is formally smooth since M is flat.

ii. Suppose (X, e) is a based ℵ0-polydisk. Set M = TeX(R). We begin by constructing a

suitable map (X, e)→ (ˆ︁AM , 0). Write (X, e) = lim−→α∈I
(Xα, eα) where I is countable. Then

Hom((X, e), (ˆ︁AM , 0)) = lim←−
α∈Iop

Hom((Xα, eα), (ˆ︁AM , 0)).

If (Xα, eα) = Spec(R⊕Nα) where Nα is nilpotent, then

TeX = lim−→α
Hom(Nα/N

2
α,−),

so there is a tautological element ια ∈ TeX(Nα/N
2
α) = Nα/N

2
α ⊗M corresponding to the

identity endomorphism of Nα/N
2
α. Define the inverse system of sets

Sα = ˆ︁AM (R⊕Nα) ×ˆ︁AM (R⊕Nα/N2
α)

{ια}

= {f ∈ Nα ⊗R M | f ↦→ ια ∈ Nα/N
2
α ⊗R M}.

Since M is flat, ˆ︁AM is formally smooth, so each Sα is nonempty. Moreover, the transition

maps Xα → Xβ are closed immersions defined by nilpotent ideals and ˆ︁AM is formally
smooth, so the transition maps Sβ → Sα are surjective. Since I is countable, lim←−α∈Iop

Sα

is nonempty, and an element of this inverse limit defines a pointed map f : X → ˆ︁AM such

that Def : M = TeX → Teˆ︁AM = M is the identity endomorphism of M . We claim f is an

isomorphism. As both X and ˆ︁AM are ind-infinitesimal ind-schemes, it suffices to verify that

f induces an isomorphism X(A)→ ˆ︁AM (A) whenever A = R⊕N for nilpotent N . But this

follows from a deformation theory argument, since both X and ˆ︁AM send pullbacks of rings
to pullbacks and f is an isomorphism on tangent spaces. □

Remark 2.1.12. There are based polydisks of uncountable type not of the form ˆ︁AM for any module
M . See [BD91, Example 7.12.19].

Our next task is to deal with fpqc descent of based ℵ0-polydisks. It is known that finite-
dimensional formal based polydisks form an fpqc stack [Dri24, §3.1]. The proof uses that the tangent
space to a finite-dimensional polydisk is a finite locally free module. In the countable setting, it is
no longer true that a countably generated projective module is locally free (see e.g. [Sta25, Tag
05WG]), even in the fpqc topology. Thus a different approach is needed.

Recall that an ind-affine ind-scheme X → SpecR is said to be coflat if its pro-coordinate ring,
as a pro-R-module, is equivalent to a pro-system of projective modules [AM25, Definition 2.5.7].

If M = lim−→i
Fi is a flat Mittag-Leffler R-module, then the ind-scheme ˆ︁AM is coflat, since its pro-

coordinate ring is lim←−i
ˆ︃SymF ∗

i . Thus every based ℵ0-polydisk is coflat.

Proposition 2.1.13. The category of ℵ0 ind-finite ind-schemes coflat over R is equivalent to the
category of cocommutative coalgebras C over R such that C is a countably generated projective R-
module. The equivalence sends C to

coSpec(C)(A) = {x ∈ A⊗R C | ∆x = x⊗ x in A⊗R (C ⊗R C), ϵ(x) = 1 in A}.

https://stacks.math.columbia.edu/tag/05WG
https://stacks.math.columbia.edu/tag/05WG
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Proof. By [AM25, Proposition 2.5.5], ℵ0 coflat ind-finite ind-schemes are equivalent to pro-finite
coflat Mittag-Leffler pro-R-algebras A whose underlying pro-module is ℵ0, where the equivalence
sends A to SpInd(A) = HomR(A,−) : CAlgR → Set. Under linear duality A ↦→ A∨, [AM25, Propo-
sition 2.4.1], such pro-R-algebras are exactly dual to countably generated projective R-coalgebras,
and SpInd(A) = coSpec(A∨). □

Theorem 2.1.14. R ↦→ ℵ0-Polyd(R) is a stack in the fpqc topology.

Proof. Suppose R → R′ is a faithfully flat morphism of rings, and p1, p2 : R′ → R′ ⊗R R′ the
standard morphisms. We must show that if (X ′, e′)→ SpecR′ is a based ℵ0-polydisk equipped with
an isomorphism p∗1(X

′, e′) ∼= p∗2(X
′, e′) satisfying the cocycle condition, then (X ′, e′) is the pullback

of a based ℵ0-polydisk from SpecR.
By Proposition 2.1.13, (X ′, e′) = coSpec(C ′) where C ′ is a coaugmented cocommutative coalgebra

over R′; moreover, we have isomorphisms p∗1C
′ ∼= p∗2C

′ satisfying the cocycle condition. Hence
C ′ = C ⊗R R′ where C is a coaugmented cocommutative coalgebra over R. By flat descent for
countably generated projective modules (Raynaud–Gruson, [Sta25, Tag 05A9]), C is a countably
generated projective R-module.

We claim that (coSpec(C), e) is a based ℵ0-polydisk. Since R→ R′ is faithfully flat, Prim(C ′) =
Prim(C)⊗RR

′. By Theorem 2.1.11, Prim(C ′) is a countably generated projective R′-module; again
by Raynaud and Gruson’s theorem, M = Prim(C) is a countably generated projective R-module.
Since coSpec(C ′) is ind-infinitesimal, C ′ is conilpotent, so C is also conilpotent. Thus coSpec(C) is

ind-infinitesimal. Since ˆ︁AM is formally smooth, copying the argument of Theorem 2.1.11 (ii) shows

that there exists a morphism f : (coSpec(C), e) → (ˆ︁AM , 0) inducing an isomorphism on tangent
spaces. The base change f ×SpecR SpecR′ is an isomorphism. By Proposition 2.1.13, it suffices to
show f induces an isomorphism on the level of coalgebras, which follows from faithfully flat descent
along R→ R′. Thus, f is an isomorphism and (coSpec(C), e) is a based ℵ0-polydisk. □

2.2. Formal Lie groups of countable type.

Definition 2.2.1. A formal Lie group of countable type, or formal ℵ0-Lie group, over R is a functor
from R-algebras to groups whose underlying set-valued functor is a based ℵ0-polydisk. Let ℵ0-FLG
be the category of formal ℵ0-Lie groups, and let ℵ-CFLG(R) be the category of commutative formal
ℵ0-Lie groups over R.

If E → SpecR is a commutative formal ℵ0-Lie group, then E is a coflat ind-finite ind-scheme, so
E is reflexive with respect to Cartier duality [AM25, Corollary 3.1.6].

Lemma 2.2.2. Suppose that E → SpecR is a commutative formal ℵ0-Lie group and

0→ I → S̃ → S → 0

is a extension of rings where I is nilpotent. Then the restriction map H1
fpqc(Spec S̃, E)→ H1

fpqc(SpecS,E)
of cohomology on the small fpqc sites is injective.

Proof. By induction, we may assume I2 = 0. Let X = SpecS, X̃ = Spec S̃, i : X → X̃ the closed
immersion defined by I. The restriction map H1

fpqc(X̃, E)→ H1
fpqc(X,E) factors as

H1
fpqc(X̃, EX̃)→ H1

fpqc(X̃, i∗EX)→ H1
fpqc(X,EX)

where i∗ is the pushforward of fpqc abelian sheaves. The five-term exact sequence from the
Grothendieck spectral sequence associated to RΓfpqc(X̃, Ri∗(−)) = RΓfpqc(X,−) for EX begins

0→ H1
fpqc(X̃, i∗EX)→ H1

fpqc(X,EX)→ H0
fpqc(X̃, R

1i∗EX)→ · · ·

so H1
fpqc(X̃, i∗EX)→ H1

fpqc(X,EX) is injective. Thus it suffices to show

H1
fpqc(X̃, EX̃)→ H1

fpqc(X̃, i∗EX)

https://stacks.math.columbia.edu/tag/05A9
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is injective. If M is the tangent space of E over R, then for any S̃-algebra A there is a short exact
sequence

0→M ⊗R (IA)→ E(A)→ E(A/IA)→ 0

where exactness on the right is since E is formally smooth. When A is flat over S̃, we have M ⊗R

(IA) = (M ⊗R I)⊗S̃ A, so there is an exact sequence of sheaves

0→M ⊗R I → ES̃ → i∗ES → 0

on the small fpqc site of X̃. By fpqc descent of quasicoherent sheaves and Serre’s theorem,
H1

fpqc(X̃,M ⊗R I) = 0, which proves the claim. □

Theorem 2.2.3. Let E′ and E′′ be commutative formal ℵ0-Lie groups over R and

0→ E′ → E → E′′ → 0

be a short exact sequence of abelian fpqc sheaves. Then E is a formal ℵ0-Lie group.

Proof. First, we show E → E′′ has a set-theoretic section. Note that E is an E′-torsor over E′′

with a trivialization at 0 ∈ E′′. Since E′′ is an ℵ0-Lie group, it is a countable colimit lim−→α
(Xα, eα)

of finite R-schemes along nil-immersions. By Lemma 2.2.2, E ×E′′ Xα is a trivial torsor. Let Sα be
the set of sections of E ×E′′ Xα → Xα whose restriction along eα is 0 ∈ E′. Since E′ is formally
smooth, the transition maps Sα → Sβ are surjective. Moreover, the pro-system of Sα’s is countable,
so there exists an element of the inverse limit, giving a section of E → E′′.

The section σ shows that the underlying pointed set-valued functor of (E, 0) is isomorphic to
(E′ × E′′, 0 × 0). Since the product of based ℵ0-polydisks is an ℵ0-polydisk, E is a formal ℵ0-Lie
group. □

In this article, we use the term formal Lie group to refer specifically to formal ℵ0-Lie groups of
finite type:

Definition 2.2.4. A formal Lie group is a group object in based polydisks over R, that is, in
ℵ0-polydisks whose tangent space is a finite locally free R-module.

This definition essentially appears in [Dri24]. See [Mes72, Chapter II, Definition 1.1.4] for an
equivalent formulation of this notion.

2.3. Cartier theory in countable type. Cartier theory is an equivalence of categories between
commutative “formal Lie groups” and certain modules over the Cartier ring ER from §1. Cartier’s

original papers [Car67a; Car67b] treat formal Lie groups whose underlying ind-scheme is ˆ︁Ar for
some r, as does Hazewinkel’s monograph [Haz78, Chapter V]. Zink’s treatment of Cartier theory
in [Zin84] both relaxes the requirement for global coordinates and extends the theory beyond the
finite-dimensional case. However, Zink’s treatment uses slightly different language, generally avoid-
ing geometric objects like ind-schemes. In this section, we provide the translation between Zink’s
language and our own, and give a Cartier theory for formal ℵ0-Lie groups by quoting Zink’s results.

As a corollary, we give vanishing results for the group Ext1fpqc(ˆ︂W,−) (Proposition 2.3.7). This is the
main reason for our treatment of formal ℵ0-Lie groups, and will be used in the sequel for calculating

τ≤1RHomfpqc(ˆ︂W,−).
Given a ring R, let NilR be the category of nilpotent R-algebras.

Definition 2.3.1. A Zink commutative formal group is a functor NilR → Ab which is exact and
commutes with infinite direct sums.

Let aug : NilR → (CAlgR)/R be the functor taking a nilpotent R-algebra N to the augmented
R-algebra R ⊕N → R. If X : CAlgR → Set is a functor equipped with a section e : SpecR → X,
then aug∗X : NilR → Set is the functor taking N to X(R⊕N)×X(R) {e}.
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Proposition 2.3.2. Let R be a commutative ring. Then sending X to aug∗X is an equivalence of
categories from commutative formal ℵ0-Lie groups over R to Zink commutative formal groups over
R whose tangent space to the identity is a countably generated projective R-module.

Proof. First, we show X ↦→ aug∗X is fully faithful. It suffices to show that (X, e) ↦→ aug∗X is a
fully faithful functor from ind-infinitesimal ind-schemes to Fun(NilR, Set). This follows since (X, e)
as a pointed functor is a colimit of functors represented by augmented nilpotent algebras.

Now suppose that Y is a Zink commutative formal group over R whose tangent space M is
countably generated projective. By [Zin84, Theorem 2.31], Y is prorepresentable, and indeed the

proof shows that the underlying set of Y is of the form aug∗X where X = ˆ︁AM is a the based
ℵ0-polydisk. Since aug∗ is fully faithful on ind-infinitesimal ind-schemes, the group structure on Y
transfers to X. □

We recall Zink’s version of the main theorems of p-typical Cartier theory. If R is a Z(p)-algebra,
let ER be the Cartier ring, as defined in §1.

Definition 2.3.3. An ER-module M is V -reduced if

• V :M →M is injective, and
• M → lim←−n

M/V nM is an isomorphism.

Theorem 2.3.4 ([Zin84], Theorem 4.23). Let R be a Z(p)-algebra. The functor Hom(ˆ︂W,−) is an
equivalence from Zink commutative formal groups to V -reduced ER-modules such that M/VM is a
flat R-module.

Write M(−) = Hom(ˆ︂W,−) for the equivalence of Theorem 2.3.4; we call this the Cartier func-
tor. Under this equivalence, the tangent space of a Zink commutative formal group K is given by
M(K)/VM(K) ([Zin84, Lemma 4.18]).

Theorem 2.3.5. Let R be a Z(p)-algebra. The functor

M(−) = Hom(ˆ︂W,−) : ℵ-CFLG(R)→ ER−mod

is fully faithful. Its essential image consists of V -reduced ER-modules such thatM/VM is a countably
generated projective R-module.

Proof. By Proposition 2.3.2, ℵ-CFLG(R) is equivalent to those Zink formal groups whose tangent
space is countably generated projective. Under Theorem 2.3.4, these correspond to V -reduced
modules M such that M/VM is countably generated projective. □

WhenM is V -reduced andM/VM is a finite free R-module, there is a particularly nice resolution
of M called the structure equations.

Proposition 2.3.6 ([Zin84], Theorem 4.39). Suppose that αi,n,j ∈W (R) for 1 ≤ i, j ≤ d and n ≥ 0.
Then the map

φ : Ed
R → Ed

R,

φ(ei) = Fei −
d∑︂

j=1

∑︂
n≥0

V nαi,n,jej

is injective, M = coker(φ) is V -reduced, and M/VM is a free R-module of rank d.
Further, suppose that M is a V -reduced ER-module and M/VM is a free R-module of rank d.

Then there exists a short exact sequence

0→ Ed
R

φ→ Ed
R →M → 0

where φ has the form

φ(ei) = Fei −
d∑︂

j=1

∑︂
n≥0

V n[ci,n,j ]ej
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for ci,n,j ∈ R.

Proof. The first claim is [Zin84, Theorem 4.39], while the second claim follows from the last statement
of [Zin84, Theorem 4.39] and the text immediately preceding it. □

Proposition 2.3.7. Suppose that K is a commutative formal ℵ0-Lie group over a Z(p)-algebra R.
Then

Ext1fpqc(
ˆ︂W,K) = 0.

Proof. Suppose that

(1) 0→ K → E → ˆ︂W → 0

is an extension of fpqc abelian sheaves. Applying the Cartier functor M(−) = Hom(ˆ︂W,−) to (1),
we obtain a left-exact sequence

0→M(K)→M(E)→M(ˆ︂W ).

We claim that the map M(E) → M(ˆ︂W ) is surjective. For Hom(ˆ︂W,−) represents the functor of

p-typical curves, which is a summand of the functor of based curves Maps(ˆ︁A1,−). By Theorem

2.2.3, E is an ℵ0-Lie group. From the proof of Theorem 2.2.3, E → ˆ︂W is in fact a relative based

ℵ0-polydisk, hence is formally smooth. Thus, any based morphism ˆ︁A1 → ˆ︂W lifts to E.
Hence we have a short exact sequence

0→M(K)→M(E)→M(ˆ︂W )→ 0.

But M(ˆ︂W ) = ER is a projective ER-module, so there is a section of this sequence. By definition of

M , this means there is a section of E → ˆ︂W . Thus Ext1fpqc(
ˆ︂W,K) = 0. □

Corollary 2.3.8. Suppose that
0→ K ′ → K → K ′′ → 0

is a sequence of commutative formal ℵ0-Lie groups over R which is exact in the fpqc topology. Then

0→M(K ′)→M(K)→M(K ′′)→ 0

is exact.

Proof. By Proposition 2.3.7, Ext1fpqc(
ˆ︂W,K ′) = 0. □

Corollary 2.3.8 shows that an extension of formal ℵ0-Lie groups defines an extension of their
Cartier modules.

Lemma 2.3.9. Let R be a Z(p)-algebra and K and L be commutative formal ℵ0-Lie groups over R.
Then sending an extension of abelian fpqc sheaves

0→ L→ E → K → 0

to
0→M(L)→M(E)→M(K)→ 0

defines an isomorphism

M̃ : Ext1fpqc(K,L)
∼=→ Ext1ER

(M(K),M(L)).

Proof. By Theorem 2.2.3, E is a formal ℵ0-Lie group. By Corollary 2.3.8, 0 → M(L) → M(E) →
M(K)→ 0 is exact, so M̃ is well-defined.

First, we show M̃ is injective. Suppose

0→M(L)→M(E)→M(K)→ 0

is split. By Cartier theory (Theorem 2.3.5), the Cartier functorM(−) is fully faithful on commutative
formal ℵ0-Lie groups, so if f : M(K) → M(E) is a splitting of M(q) : M(E) → M(K), then

f =M(ψ) where ψ is a splitting of q. Thus M̃ is injective.
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Now we show M̃ is surjective. We first claim that if

(2) 0→M(L)→M →M(K)→ 0

is an extension of ER-modules, then M is the Cartier module of a formal ℵ0-Lie group. The Snake
Lemma shows that V :M →M is injective and that there are short exact sequences

0→M(L)/V nM(L)→M/V nM →M(K)/V nM(K)→ 0

for all n. Since the inverse system {M(L)/V nM(L)}n≥1 satisfies the Mittag-Leffler condition, pass-
ing to inverse limits gives a short exact sequence

0→M(L)→ lim←−
n

M/V nM →M(K)→ 0.

Comparing this to (2) shows M → lim←−n
M/V nM is an isomorphism. Thus M is V -reduced. The

short exact sequence

0→M(L)/VM(L)→M/VM →M(K)/VM(K)→ 0

shows thatM/VM is a countably generated projective R-module, and thusM is the Cartier module
of a formal ℵ0-Lie group.

If M =M(E), then by full faithfulness of the Cartier functor M(−) we obtain maps L→ E and
E → K inducing (2). The inverse of the Cartier equivalence is exact by [Zin84, Theorem 3.26], so
0→ L→ E → K → 0 is exact. □

2.4. Isogenies of Formal Lie Groups. In this subsection we define isogenies of formal Lie groups
and recall their Cartier-theoretic characterization. Our definition is formulated geometrically: an
isogeny is an fpqc epimorphism with finite locally free kernel. In his work on Cartier theory [Zin84],
Zink uses a different definition, requiring equality of dimensions and a nilpotence condition on the
kernel. We first show that the two definitions agree, so that Zink’s results on isogenies may be applied
in our setting. We then explain how isogenies are detected after passing from Cartier modules to
their V -divided Cartier modules, and prove a version of this criterion formulated in the derived
category of ER-modules D(ER).

Definition 2.4.1. Let R be a ring. A homomorphism f : K → L of formal Lie groups over R is
an isogeny if it is surjective as a morphism of fpqc sheaves and if ker(f) is representable by a finite
locally free R-group scheme.

Remark 2.4.2. If f : K → L is a morphism of formal Lie groups over R with finite locally free
kernel, then f is an fppf epimorphism if and only if f is an fpqc epimorphism. For since ker(f)
is finite locally free, if T → L is any point, K ×L T is an fpqc G-torsor and hence is of finite
presentation. Thus for the isogenies and resolutions considered in our paper, there is no difference
between surjectivity in fppf and fpqc topology.

Zink [Zin84] proves many useful results on formal Lie groups and isogenies, but in [Zin84], isogenies
are defined to be morphisms of formal groups of the same dimension with kernel represented by an
augmented nilpotent R-algebra, i.e. an augmented R-algebra with nilpotent augmentation ideal.
To apply the results of Zink in our setting, we begin by proving the equivalence of Zink’s definition
with ours. Let us temporarily refer to Zink’s notion of isogeny as a Zink isogeny in what follows. It
is likely that these results are known to the experts, but we provide full proofs, with references to
the literature when appropriate.

Before proving the equivalence, we establish two preliminary lemmas. First, we show that Zink
isogenies are finite locally free morphisms, which implies that their kernels are finite locally free
group schemes. We then show that isogenous formal Lie groups have the same dimension, which is
part of the definition of Zink isogenies.

Lemma 2.4.3. If f : K → L is a Zink isogeny over R, then O(K) is a finite locally free O(L)-module
and the morphism O(L)→ O(K) is faithfully flat.
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Proof. Replacing SpecR by a Zariski open affine subset on which K and L admit coordinates, we
may assume that O(K) = R[[x1, . . . , xd]] and O(L) = R[[y1, . . . , yd]]. Let f map yi to fi ∈ O(K),
and set I = (f1, . . . , fd). Then ker(f) is represented by the spectrum of

O(K)ˆ︁⊗O(L)R = (O(K)/I)∧mK
= O(K)/I,

where I is the closure of I in O(K). We claim that I is in fact a closed ideal in O(K). By assumption,
O(K)/I is a nilpotent R-algebra, so there is an N > 0 such that mN

K ⊂ I. We will show that in fact
mN

K ⊂ I; it follows from this that I is an open ideal of O(K), and we then obtain the claim since
open subgroups of topological groups are closed.

Let M be the image of mN
K in the quotient O(K)/I. Since mN

K ⊂ I, we have mN
K ⊂ I +mN+1

K , so
M ⊂ mKM . By Nakayama’s lemma we conclude M = 0, so that mN

K ⊂ I, as desired.
It follows that ker(f) is represented by the spectrum of O(K)/I. By nilpotence, we can apply the

Weierstrass preparation theorem [Zin84, Theorem 5.8] to conclude that f∗O(K) is a finite locally
free O(L)-module and O(L)→ O(K) is faithfully flat. □

Lemma 2.4.4. Let R be a ring, and f : K → L an isogeny of formal Lie groups over R. Then
dim(K) = dim(L).

Proof. Since the dimension of a formal Lie group is determined fiberwise and is locally constant on
the base, it suffices to prove the statement after base change to every residue field. Thus we may
assume that R = k is a field. Let I be the augmentation ideal of O(L), let Lr = SpecO(L)/Ir,
and let Kr = Lr ×L K. Since ker(f) is representable by a finite group k-scheme and Kr → Lr

is an fpqc ker(f)-torsor, Kr is representable by a finite k-scheme. Since filtered colimits commute
with finite limits in the category of sets, lim−→r

Kr = (lim−→r
Lr) ×L K = K. The maps Kr → Kr+1

are closed immersions. Thus O(K) = lim←−r
O(Kr) as a topological ring. If J = O(K)I, then

O(Kr) = O(K)/Jr, so J is an ideal of definition of O(K), so J is mK-primary where mK is the
maximal ideal of O(K). Now

dimkO(L)/Ir =

(︃
r + dim(L)− 1

dim(L)

)︃
so

dimkO(K)/Jr = | ker(f)|
(︃
r + dim(L)− 1

dim(L)

)︃
.

Since J is mK-primary, dimension theory implies dim(K) = dim(L), as desired. □

Proposition 2.4.5. Let R be a ring, and f : K → L a morphism of formal Lie groups over R.
Then f is an isogeny if and only if f is a Zink isogeny.

Proof. First, suppose that f is a Zink isogeny. By the proof of Lemma 2.4.3, ker(f) is represented
by the spectrum of the uncompleted tensor product O(K) ⊗O(L) R, which is a finite projective
R-module by Lemma 2.4.3. Hence ker(f) is a finite locally free R-group scheme.

It remains to show that every section of L lifts fpqc-locally to a section of K. Let A be an
R-algebra, and y ∈ L(A) = Homcts(O(L), A). Form A′ = A ⊗O(L) O(K). Then A′ is fpqc over A

by Lemma 2.4.3, and by construction the map y|A′ : O(L) → A
id⊗1→ A′ factors as the composition

of f∗ : O(L) → O(K) and x = 1 ⊗ id : O(K) → A′. It only remains to verify that x ∈ K(A′), i.e.
that the map x : O(K)→ A′ is continuous. Since f is an isogeny, we have that mn

K ⊂ mLO(K) for
some n by [Zin84, Lemma 5.5]. Applying x, we find that x(mn

K) ⊂ y(mL)A
′. Since y is continuous,

there is an N > 0 such that y(mL)
NA′ = 0; it follows that x(mn

K)N = 0, so x(mK) is nilpotent in
A′ and the map x : O(K)→ A′ is continuous, as desired.

Conversely, suppose that f is an isogeny, and let G = ker(f). The augmentation ideal of O(K)
is topologically nilpotent. Since there is a continuous surjection O(K) → O(G), the augmentation
ideal of O(G) is nilpotent. Moreover K and L have the same dimension by Lemma 2.4.4, so f is a
Zink isogeny. □
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As a consequence, we have the following result, which one may also prove directly using the fact
that isogenies are torsors under finite locally free group schemes and fpqc descent of finite locally
free morphisms [Sta25, 02VO].

Lemma 2.4.6. If f : K → L is an isogeny, then O(K) is a finite locally free O(L)-module.

Proof. This follows from Lemma 2.4.3 and Proposition 2.4.5. □

We now give an exposition of the Cartier-theoretic description of isogenies of formal Lie groups,
following [Zin84]. Throughout, let R be a p-nilpotent ring and R = R/pR. We use an overline to
denote the reduction to R: of a map, formal Lie group, Cartier module, etc.

Isogenies of formal Lie groups over R become isomorphisms after formally inverting Frobenius: a
morphism f : K → L of formal Lie groups of the same dimension is an isogeny if and only if there
is an m ≥ 0 and a morphism g : L → K(pm) such that g ◦ f = Fm : K → K(pm) [Zin84, Theorem
5.25]. This leads to the definition of the V -divided Cartier module.

Recall that if N is a left ER-module, then the Frobenius twist of N is N (p) := ER⊗σ,ER
N , where

σ : ER → ER extends the Witt vector Frobenius via σ(F ) = F, σ(V ) = V . There is a Frobenius

map FN : N → N (p), defined by FN (n) = V ⊗ n. When N = M(K) is the Cartier module of a
commutative formal Lie group K/R, then N (p) =M(K(p)) and FN is the morphism induced by the
Frobenius map K → K(p).

Definition 2.4.7. Let N be a left ER-module. The V -divided Cartier module of N is the left
ER-module

Div(N) := lim−→N (pi)

where the colimit is taken along the Frobenius maps FN(pi) : N (pi) → N (pi+1).

The functor Div is the Cartier-theoretic analogue of inverting the Frobenius, and consequently
provides a natural framework for studying formal Lie groups up to isogeny. The following result is
implicit in [Zin84, Chapter 5], which explicitly handles the case of Fp-algebras.

Proposition 2.4.8. Let R be a p-nilpotent ring and f : K → L a morphism of commutative formal
Lie groups over R. Then f is an isogeny if and only if the induced map Div(M(f)) : Div(M(K))→
Div(M(L)) is an isomorphism.

Proof. By [Zin84, Remark 5.6 and Corollary 5.12], f is an isogeny if and only if f : K → L is an
isogeny over R. By [Zin84, Theorem 5.25], if f is an isogeny then Div(M(f)) is an isomorphism.
Conversely, if Div(M(f)) is an isomorphism, then by the last statement of [Zin84, Theorem 5.26], f
is an isogeny. □

As above, let R be a p-nilpotent ring, R = R/pR, and use an overline to denote reduction from
R to R. The isogeny criterion of Proposition 2.4.8 is formulated for Cartier modules. In later
applications, our Cartier–Dieudonné functor takes values in D(ER), so we need a version of the
criterion using the left derived functor LDiv of the V -divided Cartier module functor Div. This
requires the following vanishing and acyclicity statements for Cartier modules of formal Lie groups.

Given a ring homomorphism ϕ : R → S, let ϕ : ER → ES denote the induced map, which sends
F ↦→ F, V ↦→ V , and [x] ↦→ [ϕ(x)]. Regard ES as an (ES ,ER)-bimodule with the usual left ES-action
and with right ER-action x · a = xϕ(a).

Lemma 2.4.9. Let M be a Cartier module of a formal Lie group over R, and let ϕ : R → S be a
map of p-nilpotent rings. Then TorER

i (ES ,M) = 0 for all i > 0.

Proof. Suppose first that M/VM is a free R-module. By Proposition 2.3.6, we may present M by
structural equations

0→ Er
R

u→ Er
R →M → 0,

https://stacks.math.columbia.edu/tag/02VO
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where on a basis e1, . . . , er we have u(ei) = Fei −
∑︁r

j=1

∑︁
n≥0 V

n[ci,n,j ]ej for some ci,n,j ∈ R. It

follows that TorER
i (N,M) = 0 for any right ER-module N and all i > 1. We also have

TorER
1 (ES ,M) = ker(ES ⊗ER

Er
R

1⊗u→ ES ⊗ER
Er
R).

We have an identification of left ES-modules ES ⊗ER
Er
R
∼= Er

S via x⊗ y ↦→ xϕ(y). Under this, the

map 1⊗ u corresponds to the map u(ϕ) : Er
S → Er

S , u
(ϕ)(ei) = Fei −

∑︁
j,n V

n[ϕ(ci,n,j)]ej . This is a

structural equation, so by the injectivity of structural equations (Proposition 2.3.6), TorER
1 (ES ,M) =

0.
Now letM be any Cartier module of a formal Lie group over R. SinceM/VM is a finite projective

R-module, we may choose a finite projective R-module Q such that Q⊕M/VM is a free R-module of

finite rank. Consider the additive formal vector group ˆ︁V(Q) on Q, i.e. the formal completion at the

zero section of Spec(Sym•
R(Q

∨)). This is a finite-dimensional formal Lie group with Lie(ˆ︁V(Q)) ∼= Q;

it follows that the Cartier module MQ of ˆ︁V(Q) satisfies MQ/VMQ
∼= Q. If we set M ′ :=M ⊕MQ,

then M ′ is a Cartier module of a formal Lie group over R such that M ′/VM ′ is free. By what we
have shown previously we conclude

TorER
i (ES ,M

′) = 0

for all i > 0. Since Tori preserves direct sums, we find that TorER
i (ES ,M) = 0, as desired. □

Note that the V -divided Cartier module functor Div is right exact, and therefore admits a left
derived functor LDiv : D(ER)→ D(ER), given by

LDiv(X) = hocolimn

(︃
E(pn)

R

L
⊗
ER

X

)︃
,

where E(pn)

R
is the ER-bimodule whose underlying left ER-module is ER and with right action given

by the map ER → ER induced by the n-th iterate of the Frobenius map of R.

Corollary 2.4.10. Let M be a Cartier module of a formal Lie group over R, viewed in the derived
category D(ER). Then LDiv(M) = Div(M).

Proof. By definition, LDiv(M) is the homotopy colimit of E(pn)

R

L
⊗
ER

M . Since filtered colimits are

exact,

H−i(LDiv(M)) = lim−→n
Tor

ER
i (E(pn)

R
,M).

Lemma 2.4.9 implies that Tor
ER
i (E(pn)

R
,M) = 0 for i > 0. It follows that H−i(LDiv(M)) = 0 for

i ̸= 0, and consequently LDiv(M) = Div(M). □

This leads to the desired derived characterization of isogenies of formal Lie groups, which yields
one of the three conditions in the description of the essential image of the Cartier–Dieudonné functor.

Proposition 2.4.11. Let f : K → L be a morphism of commutative formal Lie groups over R, let

F be the fiber in D(ER) of the map M(K)→M(L) induced by f , and let F := ER

L
⊗
ER

F . Then f is

an isogeny if and only if LDiv(F ) = 0.

Proof. Base change to ER yields a fiber sequence

F → ER

L
⊗
ER

M(K)→ ER

L
⊗
ER

M(L)
+1→ .

By Lemma 2.4.9, we have ER

L
⊗
ER

M(K) ∼= ER ⊗ER
M(K), so by compatibility of Cartier theory

with base change [Zin84, Theorems 4.43 and 4.45] we have ER ⊗ER
M(K) ∼= M(K). As the same
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reasoning applies to L, it follows that F ∼= Fib(M(K) → M(L)) ∈ D(ER). Since LDiv is a
triangulated functor, applying LDiv yields a distinguished triangle

LDiv(F )→ LDiv(M(K))→ LDiv(M(L))→ LDiv(F )[1].

By Corollary 2.4.10, the Cartier modulesM(K) andM(L) are LDiv-acyclic. Therefore, this triangle
yields an identification of LDiv(F ) with the fiber Fib(Div(M(K)) → Div(M(L))) in D(ER), so

LDiv(F ) = 0 if and only if Div(M(K)) → Div(M(L)) is an isomorphism. By Proposition 2.4.8,
this happens if and only if f is an isogeny. □

3. Classification of Connected Group Schemes

Fix a p-nilpotent ring R. In this section, we begin by characterizing fiberwise-connected group
schemes over R in a few equivalent ways. We then define our Cartier–Dieudonné functor and prove
it is an equivalence.

3.1. Connected Group Schemes and Formal Lie Groups. Let us recall the definition of the
relevant category of group schemes from the introduction.

Definition 3.1.1. Let C(R) denote the category of finite locally free commutative R-group schemes
G which are fiberwise connected, i.e. such thatGs is a connected k(s)-group scheme for all s ∈ SpecR.

Note that G ∈ C(R) implies that the order of G is, locally on Spec(R), a power of p. We
sometimes refer to such group schemes as “connected” in what follows. We begin by providing
equivalent algebraic and geometric ways to view connected group schemes. Recall that a augmented
nilpotent R-algebra is an augmented R-algebra with nilpotent augmentation ideal.

Proposition 3.1.2. Suppose G = Spec(A) is a finite locally free commutative R-group scheme. The
following are equivalent:

i. G ∈ C(R);
ii. A is an augmented nilpotent R-algebra;
iii. G is a closed subgroup of a commutative formal Lie group over R.

Proof. i. =⇒ ii.: Suppose G ∈ C(R). Let I ⊂ A be the augmentation ideal, and let s ∈ Spec(R).
Since the short exact sequence of R-modules 0 → I → A → R → 0 splits, it remains exact after
base change to the residue field k(s) of s, and therefore the augmentation ideal of G ×R k(s) is
Is := I ⊗R k(s). Since finite connected group schemes over a field are spectra of Artinian local rings
[Sta25, Tag 0BUG], we have that Is is nilpotent in As := A⊗R k(s). It follows that I is contained
in the nilradical of A. Indeed, if p ⊂ A is a prime of A above s ∈ Spec(R), the image of I in As

is contained in every prime of As and thus I ⊂ p. Since G is finite, I is finitely generated, so I is
nilpotent.

ii. =⇒ i.: Suppose that A is an augmented nilpotent R-algebra. Base changing to any residue
field k(s), the augmentation ideal becomes nilpotent and the quotient is k(s), which implies that As

is an Artinian local ring with maximal ideal Is, so the fiber Gs is connected.
i. =⇒ iii.: By Cartier duality, we may identify G with HomR(G

∨,Gm), where G∨ is the Cartier
dual of G. Following a construction of Bégueri [Bég80, Proposition 2.2.1], there is a canonical
embedding of G into the abelian sheaf H := Map

R
(G∨,Gm) of algebraic maps from the Cartier dual

G∨ of G to Gm. Moreover, H is canonically isomorphic to the Weil restriction ResG∨/R(Gm,G∨)
and is therefore a smooth affine R-group scheme [Sch94, Proposition 4.4]. Since G is the spectrum
of an augmented nilpotent R-algebra, the closed embedding G→ H factors through an infinitesimal

neighborhood of the identity of H, and therefore through the formal completion ˆ︁He of H at the
identity section, providing a closed embedding of G into a commutative formal Lie group over R.

iii. =⇒ i.: Let G → K be a closed embedding of groups into a formal Lie group K. After base
changing to k(s), we get a closed subgroup Gs → Ks over the field k(s). On coordinate rings, this
corresponds to a continuous surjection k(s)[[x1, . . . , xd]] → As which takes the augmentation ideal

https://stacks.math.columbia.edu/tag/0BUG
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(x1, . . . , xd) onto the augmentation ideal of As. Moreover, continuity implies that some power of the
augmentation ideal (x1, . . . , xd) maps to zero in As. Hence the augmentation ideal of As is nilpotent,
so As is Artinian local and thus G ∈ C(R). □

Remark 3.1.3. Bégueri [Bég80, Proposition 2.2.1] considers all finite locally free commutative
group schemes over arbitrary base schemes, and shows in addition that the fppf cokernel of the
map G → ResG∨/R(Gm,G∨) may be identified with the smooth affine group scheme of symmetric
2-cocycles on G∨ with values in Gm.

We now show that commutative connected group schemes over p-nilpotent bases admit functorial
2-term resolutions by commutative formal Lie groups (Corollary 3.1.7). Our result follows from the
general fact that quotients of formal Lie groups by finite locally free subgroups are again formal Lie
groups (Theorem 3.1.6). First, we establish a couple preliminary lemmas.

Lemma 3.1.4. Let R be a ring, K → SpecR a formal Lie group, G ⊂ K a finite locally free closed
normal group scheme. Then the fppf quotient sheaf K/G is representable by an ind-infinitesimal
ℵ0-ind-scheme over R.

Proof. Suppose that K = Spf(A) with augmentation ideal a ⊂ A. Let I ⊂ A be the ideal of G ⊂ K,
so that A/I is a finite locally free R-module. Since the map A→ A/I is continuous, this map factors
through A→ A/aN for some N , that is, aN ⊆ I ⊆ a. Hence the a-adic and I-adic topologies on A
agree. Set Kn = Spec(A/In+1) for all n ≥ 0; we have K = lim−→n

Kn.

Since G is a subgroup of K, right translation by G preserves I, so the translation action of G
on K restricts to a free action of G on Kn for all n. Since Kn is affine and G is finite locally
free, the quotient Kn/G is representable by an R-scheme Qn, and the map Kn → Qn is an fppf
G-torsor [Sta25, Tag 07S7]. It follows by [Sta25, Tag 01ZT] that Qn is affine. For any n ≤ m,
the G-equivariant map Kn → Km ×Qm

Qn is a morphism of G-torsors over Qn, and therefore an
isomorphism; this shows that the inclusions and projection morphisms fit into a Cartesian square

Kn Km

Qn Qm.

It follows by faithfully flat descent that the natural maps Qn → Qm are closed immersions [Sta25,
Tag 02L6]. Define Q := lim−→n

Qn in the category of fppf sheaves. Since Qn → Qm is a closed

immersion for m ≥ n, the canonical maps Qn → Q are all monomorphisms.
We claim that Q is isomorphic to the fppf quotient sheafK/G, which we show by checking the uni-

versal property. For any fppf sheaf F , we have Hom(Q,F ) = Hom(lim−→n
Qn, F ) = lim←−n

Hom(Qn, F ).

Note that Qn = Kn/G, so a map Qn → F is the same as a G-invariant map Kn → F , where F is
given the trivial G-action, so Hom(Q,F ) = lim←−n

HomG(Kn, F ). But a map K → F is G-invariant

if and only if the induced maps Kn → F are, and thus lim←−n
HomG(Kn, F ) = HomG(K,F ), showing

that Q ∼= K/G.
Since (Kn, e) is infinitesimal, the ideal of G ⊆ Kn is nilpotent, so descent implies (Qn, e) is

infinitesimal. Thus Q = lim−→n
Qn is an ind-infinitesimal ℵ0-ind-scheme over R. □

Lemma 3.1.5. Hypotheses as in Lemma 3.1.4. Let A be the topological coordinate ring of K and
I ⊆ A the ideal of the closed immersion G→ K. Then I/I2 is a finite locally free A/I-module and
the natural map

SymA/I(I/I
2)→

⨁︂
r≥0

Ir/Ir+1

is an isomorphism of graded A/I-algebras.

Proof. The statement is Zariski-local on SpecR, so passing to an open subset we may assume that
A = R[[x1, . . . , xd]] with augmentation ideal (x1, . . . , xd), where d is the dimension of K on the open

https://stacks.math.columbia.edu/tag/07S7
https://stacks.math.columbia.edu/tag/01ZT
https://stacks.math.columbia.edu/tag/02L6
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subset. Write B = A/I. Let P = R[x1, . . . , xd] and p = (x1, . . . , xd) ⊂ P . The surjection A → B
induces a surjection P → B; let q = ker(P → B). We have pN ⊂ q ⊂ p for some N , so the p-adic
and q-adic filtrations are cofinal and consequently A is also the completion of P with respect to q.

The surjection P → B corresponds to a closed immersion G→ Ad
R. Moreover, by [Mes72, Chapter

II, Lemma 3.2.5] and [SGA3, Exp. III, Proposition 4.15] finite locally free group schemes are local
complete intersections. It follows that the morphism G→ Ad

R is a Koszul-regular immersion [Sta25,
Tag 069G], hence a quasi-regular immersion [Sta25, Tag 063K]. By [Sta25, Tag 063H] q is a finitely
generated ideal of P , q/q2 is a finite locally free B-module and the map

Sym•
B(q/q

2)→
⨁︂
r≥0

qr/qr+1

is an isomorphism.
We now show that there are compatible isomorphisms of B-modules Ir/Ir+1 ∼= qr/qr+1 for all

r ≥ 0, from which the lemma follows. Since A = P∧
q and q is finitely generated, we have by

[Sta25, Tag 05GG] that A/qrA = P/qr for all r ≥ 1, which upon taking r = 1 implies I = qA.
Consequently, we may identify the kernel of A/Ir+1 → A/Ir with the kernel of P/qr+1 → P/qr to
conclude Ir/Ir+1 ∼= qr/qr+1 for all r ≥ 0. These isomorphisms are all induced by P → A = P∧

q and
therefore they preserve multiplication. □

Theorem 3.1.6. Let R be a ring, K → SpecR a formal Lie group, G ⊂ K a finite locally free
closed normal group scheme. Then K/G is a formal Lie group over R.

Proof. By Lemma 3.1.4, Q = K/G is an ℵ0-ind-scheme over R. Let C be the topological coordinate
ring of Q. Since (Q, e) is ind-infinitesimal, C is separated and complete with respect to the ideal J of
e. To show that Q is a formal Lie group over R, we must show that C is isomorphic to a completed
symmetric algebra of a finite locally free R-module. Let A be the topological coordinate ring of K
and I ⊆ A the ideal of G.

Consider the associated graded
⨁︁

n J
n/Jn+1 of C with respect to J . Since G is the kernel of

K → Q, the pullback of J along K → Q is I. Thus, the pullback along G→ SpecR of Jn/Jn+1 is
In/In+1. By Lemma 3.1.5, I/I2 is a finite locally free A/I-module and the natural map of graded
A/I-algebras

SymA/I(I/I
2)→

⨁︂
n

In/In+1

is an isomorphism. Since G → SpecR is faithfully flat, J/J2 is a finite locally free R-module and
the natural map of graded R-algebras

SymR(J/J
2)→

⨁︂
n

Jn/Jn+1

is an isomorphism.
Now we show that C is isomorphic to a completed symmetric algebra over R. Since J/J2 is finite

locally free over R, there exists an R-linear splitting ψ : J/J2 → J of the quotient map J → J/J2.
Then ψ defines an R-algebra homomorphism ϕ : SymR(J/J

2) → C which induces the canonical
map SymR(J/J

2) →
⨁︁

n J
n/Jn+1 on associated graded. Since C is separated and complete with

respect to J and ϕ is an isomorphism on associated graded, the map ϕ induces an isomorphism

ϕ̂ : ˆ︃SymR(J/J
2)

∼→ C. Thus Spf(C) is a polydisk and Q is a formal Lie group. □

Corollary 3.1.7 (The Bégueri Resolution for Connected Group Schemes). Suppose G ∈ C(R).
Then there is a functorial short exact sequence 0 → G → K → L → 0 with K and L commutative
formal Lie groups over R.

Proof. We have already seen that there is a functorial embedding G → K with K a commutative
formal Lie group over R, so the result follows by taking L to be the fppf quotient K/G which is a
formal Lie group by Theorem 3.1.6. □

https://stacks.math.columbia.edu/tag/069G
https://stacks.math.columbia.edu/tag/063K
https://stacks.math.columbia.edu/tag/063H
https://stacks.math.columbia.edu/tag/05GG
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3.2. The Cartier–Dieudonné functor. Throughout, let R be a p-nilpotent ring.

Definition 3.2.1. Let M : C(R)→ D(ER) be the functor

M(G) := τ≤1RHomfpqc(ˆ︂W,G).

Here RHomfpqc is computed in the category of fpqc sheaves of abelian groups over R, and the

resulting object carries a natural ER-module structure via the identification ER = End(ˆ︂W )op. We
begin by explaining how to compute M(G) via two-term resolutions by formal Lie groups.

Proposition 3.2.2. Let G ∈ C(R), and suppose 0 → G → K → L → 0 is a short exact sequence
where K and L are commutative formal Lie groups over R. Then there is an isomorphism

M(G) ∼= Fib(M(K)→M(L))

in D(ER).

Proof. We have a distinguished triangle

(3) RHomfpqc(ˆ︂W,G)→ RHomfpqc(ˆ︂W,K)→ RHomfpqc(ˆ︂W,L)
+1→

which induces a map

(4) τ≤1RHomfpqc(ˆ︂W,G)→ Fib(τ≤1RHomfpqc(ˆ︂W,K)→ τ≤1RHomfpqc(ˆ︂W,L)).

By Proposition 2.3.7, Ext1fpqc(ˆ︂W,K) = Ext1fpqc(ˆ︂W,L) = 0, so τ≤1RHomfpqc(ˆ︂W,K) = Hom(ˆ︂W,K)
and similarly for L. The long exact sequence in cohomology associated to the distinguished triangle
(3) then shows that the induced map (4) is a quasi-isomorphism

τ≤1RHomfpqc(ˆ︂W,G) ∼= Fib(Hom(ˆ︂W,K)→ Hom(ˆ︂W,L))

as desired. □

The Proposition shows that M(G) can be computed via any two-term resolution of G by formal
Lie groups, and consequently that any such resolution produces a well-defined object of D(ER). We
may also prove this fact directly:

Proposition 3.2.3. Suppose that 0 → G → K0 → K1 → 0 and 0 → G → L0 → L1 → 0 are
two resolutions of G by commutative formal Lie groups over R. Then there is an isomorphism
Fib(M(K0)→M(K1)) ∼= Fib(M(L0)→M(L1)) in D(ER).

Proof. Diagonally embed G into K0×L0 and let Q be the cokernel, a formal Lie group by Theorem
3.1.6. We have a commutative diagram

0 G K0 × L0 Q 0

0 G K0 K1 0.

Clearly ker(K0 × L0 → K0) = L0, while ker(Q → K1) = (G × L0)/G ∼= L0 and the induced map
L0 → L0 is the identity. By the exactness of the Cartier module functor on formal Lie groups
(Corollary 2.3.8), we obtain a diagram of Cartier modules

0 M(L0) M(K0 × L0) M(K0) 0

0 M(L0) M(Q) M(K1) 0.

The left vertical arrow is an isomorphism, so by the snake lemma, the map of complexes [M(K0 ×
L0) → M(Q)] → [M(K0) → M(K1)] is a quasi-isomorphism. Since we can make the same argu-
ment for M(L0) → M(L1), it follows that Fib(M(K0) → M(K1)) and Fib(M(L0) → M(L1)) are
isomorphic in D(ER), as desired. □
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Remark 3.2.4. We have seen that G ∈ C(R) admits a functorial 2-term resolution by formal Lie
groups (Corollary 3.1.7). Combining this with Proposition 3.2.2 therefore provides an alternate
construction of the functor M : C(R)→ D(ER).

3.3. Full faithfulness of the Cartier–Dieudonné functor.

Theorem 3.3.1. Let R be a p-nilpotent ring. Then the Cartier–Dieudonné functor

M : C(R)→ D(ER)

is fully faithful.

Proof. First, we show that M : Hom(G,L) → HomD(ER)(M(G),M(L)) is an isomorphism when

G ∈ C(R) and L is a formal Lie group. Let 0 → G → K0 → K1 → 0 be a short exact sequence
in the fpqc topology, where K0 and K1 are formal Lie groups. By Proposition 3.2.2, there is a
distinguished triangle

M(G)→M(K0)→M(K1)
+1→

in D(ER).
Consider the following diagram:

(5)

Hom(K1, L) Hom(M(K1),M(L))

Hom(K0, L) Hom(M(K0),M(L))

Hom(G,L) Hom(M(G),M(L))

Ext1fpqc(K
1, L) Ext1(M(K1),M(L))

Ext1fpqc(K
0, L) Ext1(M(K0),M(L))

(∗)

M̃

M̃

where the columns are the long exact sequences obtained by applying Hom(−, L) and Hom(−,M(L))
in the derived categories of fpqc abelian sheaves and ER-modules, respectively. We claim that the
diagram commutes. All squares except (∗) follow from naturality. For (∗): suppose that f : G→ L
is a homomorphism. Let X be the pushout in the fpqc topology

0 G K0 K1 0

0 L X K1 0

⌟

.

By Theorem 2.2.3 and Corollary 2.3.8, X is a formal Lie group and the sequence of Cartier modules
0 → M(L) → M(X) → M(K1) → 0 is exact. The composition Hom(G,L) → Ext1fpqc(K

1, L) →
Ext1(M(K1),M(L)) sends f to the class [M(X)] ∈ Ext1ER

(M(K1),M(L)). On the other hand,

0→ G→ K0 ⊕ L→ X → 0

is exact in the fpqc topology, so Proposition 3.2.2 shows that

M(G)→M(K0)⊕M(L)→M(X)

is a fiber sequence. Hence the composition Hom(G,L)→ Hom(M(G),M(L))→ Ext1(M(K1),M(L))
also sends f to [M(X)], showing that (∗) commutes.

By Cartier theory (Theorem 2.3.5) and Lemma 2.3.9, all horizontal arrows in (5) but the middle
are isomorphisms. By the 5-lemma, the map

Hom(G,L)→ HomD(ER)(M(G),M(L))
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is an isomorphism.
Now we prove the theorem. Let 0 → H → L0 → L1 → 0 be a resolution of H by formal Lie

groups L0 and L1. First, note that if L is a formal Lie group, then

Ext−1(M(G),M(L)) = 0.

For consider the long exact sequence

· · · Ext−1(M(K0),M(L)) Ext−1(M(G),M(L))

Hom(M(K1),M(L)) Hom(M(K0),M(L)) · · ·

SinceM(K0) andM(L) are concentrated in degree 0, Ext−1(M(K0),M(L)) = 0. Since K0 → K1 is
surjective in the fpqc topology and M is fully faithful, Hom(M(K1),M(L))→ Hom(M(K0),M(L))
is injective, so Ext−1(M(G),M(L)) = 0. This being so, applying RHom(M(G),−) to the triangle
M(H)→M(L0)→M(L1)→+1 gives the diagram

0 Hom(G,H) Hom(G,L0) Hom(G,L1)

0 Hom(M(G),M(H)) Hom(M(G),M(L0)) Hom(M(G),M(L1))

The last two vertical arrows are isomorphisms, hence Hom(G,H) → Hom(M(G),M(H)) is an
isomorphism, as desired. □

Example 3.3.2. Wemay now exhibit why Oort’s functorMOort, assigningG ∈ C(R) toMOort(G) =
coker(M(K0) → M(K1)) when 0 → G → K0 → K1 → 0 is a resolution, is not fully faithful. By
Proposition 3.2.2, MOort(G) = H1(M(G)).

Let R be an Fp-algebra and G = αp. Since αp has the resolution

0→ αp → ˆ︁Ga
F→ ˆ︁Ga → 0,

the Cartier–Dieudonné module of αp is

M(αp) = [ER/ERF
rV→ ER/ERF ],

where rV is right multiplication by V . Thus,

MOort(αp) = ER/(ERF + ERV ).

Using that every element of ER has a unique representation of the form
∑︁

n,m V n[cn,m]Fm, it can

be shown that EndE(ER/(ERF + ERV )) ∼= Rp where cp ∈ Rp acts by x ↦→ x[cp]. The map

R = End(αp)→ EndER
(MOort(αp))

sends c ∈ R to cp, as c : αp → αp fits into the following diagram:

0 αp
ˆ︁Ga

ˆ︁Ga 0

0 αp
ˆ︁Ga

ˆ︁Ga 0

c

F

c cp

F

.

Hence MOort is not fully faithful if R is not reduced.

The argument in the proof of [Oor74, Lemma 4.1] relies on the assertion that Hom(ˆ︂W,G) = 0
when G ∈ C(R), which does not hold for general R. For example, when R = Fp[λ]/(λ

p), there is a

nonzero map ˆ︂W → αp given by (x0, x1, . . .) ↦→ λx0. Thus the exactness claimed in [Oor74, Lemma
4.1] fails, and the proof of full faithfulness in [Oor74, Theorem 4.2] fails similarly.
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3.4. Essential image of the Cartier–Dieudonné functor. The goal of this subsection is to
identify the essential image of the functor M : C(R) → D(ER). By Proposition 3.2.2, every such
object is equivalent to a two-term complex of Cartier modules of formal Lie groups. Thus, we begin
with a criterion for identifying such complexes.

Definition 3.4.1. If X ∈ D(ER) and n ≥ 1, the derived quotient X/LV nX is defined to be

X/LV nX := (ER/V
nER)

L
⊗
ER

X ∈ D(Ab).

X is derived V -complete if the natural map X → R lim←−n
X/LV nX is an equivalence in D(Ab).

By construction, a finite complex X of Cartier modules of formal Lie groups over R is derived
V -complete and X/LV X ∈ Perf(R). We will show these conditions are also sufficient in Theorem
3.4.3.

Note that if M is an ER-module, then M/V nM has a Wn(R)-module structure, as W (R)V ⊆
VW (R) and vn(W (R)) ⊆ V nER in ER. The operator F is not necessarily defined on M/V nM , as
FV n is an element of V n−1ER but not necessarily V nER. However, the condition FV nM ⊆ V n−1M
allows us to define the action of F on the V -adic completion lim←−n

M/V nM . Moreover, if x ∈ ER,

then x also acts on the V -adic completion as follows: given n, write

x =
∑︂
i<n,j

V i[cij ]F
j + V ny

for some y ∈ ER. If d = max{j | there is i < n such that cij ̸= 0}, then xV d+n ∈ V nER. Thus
multiplication by x descends to M/V d+nM → M/V nM , which in the limit defines multiplication
by x on lim←−n

M/V nM . This defines an ER-module structure on lim←−n
M/V nM . The natural map

M → lim←−n
M/V nM is then a homomorphism of ER-modules.

Now suppose that X ∈ D(ER)
≤0. Represent X by a complex of free ER-modules X• concentrated

in degrees ≤ 0. Then the termwise completion X•∧ has underlying abelian group R lim←−n
X•/LV nX•,

and X is derived V -complete if and only if the natural map X• → X•∧ is a quasi-isomorphism. The
object X∧ represented by X•∧ in D(ER) does not depend on the choice of complex X• representing
X. Note that X/LV nX is not an ER-module in general, but X∧ is.

Lemma 3.4.2. Suppose that X ∈ D(ER)
≤0 is derived V -complete. Let x1, . . . , xr be generators for

H0(X/LV X) as an R-module. Then there exists a Cartier module of a formal Lie group C where
C/V C is a free R-module of rank r with basis e1, . . . , er and a map C → X in D(ER) such that the
induced map C/V C = H0(C/LV C)→ H0(X/LV X) sends ei ↦→ xi.

Proof. Represent X by a complex of free ER-modules X• concentrated in degrees ≤ 0. Since X is
derived V -complete, X• → X•∧ is a quasi-isomorphism. We will construct a commutative diagram

Er
R X−1,∧

Er
R X0,∧

f

φ d

g

where, if e1, . . . , er is the standard basis for Er
R, φ is of the form

φ(ei) = Fei −
∑︂
n,j

V n[ci,n,j ]ej .

Then φ is a structural equation, so by Proposition 2.3.6, φ is injective and C := coker(φ) is a
Cartier module of a formal Lie group. This gives a map C → X∧; composing with the inverse of
the quasi-isomorphism X → X∧ in D(ER) gives the desired map C → X.
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Begin by picking g(ei) to be any lift of xi ∈ H0(X/LV X) = X0/(dX−1 + V X0) to X0. We will
inductively construct a sequence of ER-linear maps φn : Er

R → Er
R and fn : Er

R → X−1,∧ such that
φn is a structural equation, φn(ei) and fn(ei) converge in the V -adic topology for all i and

dfn(ei)− gφn(ei) ∈ V nX0,∧.

Then defining φ(ei) = lim←−n
φn(ei) and f(ei) = lim←−n

fn(ei) gives the desired construction.

For the base case, note that we may write the image of Fg(ei) in H
0(X/LV X) as

∑︁
j ci,0,jxj for

some ci,0,j ∈ R. Define φ1(ei) = Fei −
∑︁

j [ci,0,j ]ej ; then gφ1(ei) ∈ V X0,∧ + dX−1,∧. Pick f1(ei) to

be any element of X−1,∧ such that

df1(ei)− gφ1(ei) ∈ V X0,∧.

Now suppose that we are given fn and φn such that dfn(ei) − gφn(ei) ∈ V nX0,∧. Since X• is a
free ER-module in each degree, V n : X•/V X• → V nX•/V n+1X• is an isomorphism of complexes
of abelian groups. Hence there exists ci,n,j ∈ R such that

dfn(ei)− gφn(ei) ≡ −
∑︂
j

V n[ci,n,j ]g(ej) mod V n+1X0,∧ + dV nX−1,∧.

Set φn+1(ei) = φn(ei)−
∑︁

j V
n[ci,n,j ]ej . Then there exist V nαi ∈ V nX−1,∧ such that

dfn(ei)− gφn+1(ei) ≡ dV nαi mod V n+1X0,∧.

Define fn+1(ei) = fn(ei)− V nαi. This gives the required construction. □

Theorem 3.4.3. Suppose X ∈ D(ER) satisfies

i. X is derived V -complete;
ii. X/LV X is a perfect complex of R-modules of tor-amplitude [a, b].

Then X is equivalent to a complex of Cartier modules of formal Lie groups in degrees [a, b].

Proof. Without loss of generality, b = 0. We induct on a ≤ 0. If a = 0, thenX/LV X = ER/V ER

L
⊗
ER

X

is a finitely generated projective R-module [Sta25, Tag 0658]. Now for each n there is an exact
triangle

(6) V nER/V
n+1ER → ER/V

n+1ER → ER/V
nER

+1→

of right ER-modules, and V n : ER/V ER → V nER/V
n+1ER is an isomorphism of right ER-modules.

Tensoring this triangle with X and inducting on n shows X/LV nX is concentrated in degree 0 for all
n and the inverse system {X/LV nX}n≥0 has surjective transition maps. Hence X is concentrated

in degree 0. Now tensor the triangle V ER → ER → ER/V ER
+1→ with X. Since X/LV X is

concentrated in degree 0, we conclude V : X → X is injective. Since the transition maps in the
system {X/LV nX}n≥0 are surjective, the derived limit R lim←−n

X/LV nX is the (non-derived) limit

lim←−n
X/V nX; since X is derived V -complete, X → lim←−n

X/V nX is an isomorphism. Thus X is

V -reduced; since X/V X is a finitely generated projective R-module, Cartier theory (Theorem 2.3.5)
implies that X is the Cartier module of a formal Lie group.

Now suppose a < 0. As before, tensoring with (6) shows that X ∈ D(ER)
≤0. By Lemma

3.4.2, there exists a Cartier module of a formal Lie group C and a map C → X such that
H0(C/LV C) → H0(X/LV X) is surjective. Let Y = Fib(C → X). Since C and X are derived
V -complete, so is Y . Further, Y/LV Y = Fib(C/LV C → X/LV X) is a perfect complex of R-
modules; since H0(C/LV C) → H0(X/LV X) is surjective, Y/LV Y has tor-amplitude in [a + 1, 0].
By induction, Y is equivalent to a complex of Cartier modules of formal Lie groups in degrees
[a + 1, 0]; then X = Cofib(Y → C) is equivalent to a complex of Cartier modules of formal Lie
groups in degrees [a, 0]. □

https://stacks.math.columbia.edu/tag/0658
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Theorem 3.4.4 (Essential image). Let R be a p-nilpotent ring. Then M is in the essential image
of M : C(R)→ D(ER) if and only if

i. M is derived V -complete;
ii. M/VM is a perfect complex of R-modules of tor-amplitude [0, 1];

iii. LDiv

(︃
ER

L
⊗
ER

M

)︃
= 0.

Proof. Suppose M = M(G) for G ∈ C(R). If 0 → G → K0 → K1 → 0 is a resolution of G by
formal Lie groups, then by Proposition 3.2.2, M(G) ≃ [M(K0) → M(K1)] is equivalent to a two-
term complex of Cartier modules, so the first two properties hold. Since K0 → K1 is an isogeny,

Proposition 2.4.11 implies LDiv(ER

L
⊗
ER

M) = 0.

Conversely, suppose M is derived V -complete and M/VM is a perfect complex of R-modules of
tor-amplitude [0, 1]. By Theorem 3.4.3, M ≃ [M(K0)→M(K1)] where K0 and K1 are formal Lie

groups over R. Let f : K0 → K1 be the corresponding map. Since LDiv(ER

L
⊗
ER

M) = 0, Proposition

2.4.11 shows f is an isogeny. Thus there is a short exact sequence

0→ G→ K0 → K1 → 0

in the fpqc topology where G ∈ C(R), so Proposition 3.2.2 implies M(G) ≃ [M(K0) → M(K1)] ≃
M . □

Combining Theorems 3.3.1 and 3.4.4 completes the proof of Theorem A.

4. Properties of the Cartier–Dieudonné functor

4.1. The V -adic Filtration on M(G). Fix G ∈ C(R) and set M :=M(G). In this subsection, we
study the quotients Mn := M/LV nM in the derived category of W (R)-modules. By tensoring the
exact triangle

V nER/V
n+1ER → ER/V

n+1ER → ER/V
nER

+1→
of right ER-modules with M we obtain an exact triangle

(M1)|σn
V n

→ Mn+1 →Mn
+1→

in D(W (R)), where |σn is the restriction of scalars by the n-th Frobenius σn :W (R)→W (R). Since
M1 has tor-amplitude in [0, 1], we find by induction and the long exact sequence in cohomology that
Hi(Mn) = 0 for i /∈ {0, 1}.

Via Cartier duality [AM25, Proposition 4.4.1], M ∼= τ≤1RHom(G∨,W ), where W is the ring
scheme of p-typical Witt vectors. The short exact sequence

0→W |σn
V n

→ W →Wn → 0

yields a fiber sequence

RHom(G∨,W )|σn
V n

→ RHom(G∨,W )→ RHom(G∨,Wn)
+1→ .

Therefore the canonical map from the cone of a truncation to the truncation of a cone produces a
canonical map

fn :Mn → τ≤1RHom(G∨,Wn)

which induces an isomorphismH0(Mn) ≃ Hom(G∨,Wn) and an injectionH1(Mn) ↪→ Ext1(G∨,Wn).

Proposition 4.1.1. The canonical map fn : Mn → τ≤1RHom(G∨,Wn) is an isomorphism in
D(W (R)).
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Since fn is a map between objects with cohomology only in degrees 0 and 1, and it induces an
isomorphism on H0, to prove the proposition it suffices to prove that the injection

H1(fn) : H
1(Mn) ↪→ Ext1(G∨,Wn)

is an isomorphism. We begin with the following lemma.

Lemma 4.1.2. Let 0 → G → K → L → 0 be a resolution of G by commutative formal Lie groups
over R. Then the induced map Ext1(G∨,Ga)→ Ext1(K∨,Ga) is zero.

Proof. We have a distinguished triangle

ℓ∨G → ℓ∨K → ℓ∨L
+1→

in D(R). Since K is formally smooth, we have ℓ∨K = Lie(K) and similarly for L. Therefore

ℓ∨G
∼= Fib(Lie(K)→ Lie(L)).

Let f : Lie(L)→ H1(ℓ∨G) be the induced map. Under the usual identifications Lie(L) ∼= Hom(L∨,Ga)

and H1(ℓ∨G)
∼= Ext1(G∨,Ga), f is identified with the boundary map Hom(L∨,Ga)

δ→ Ext1(G∨,Ga).

It follows that δ is surjective, and therefore Ext1(G∨,Ga)→ Ext1(K∨,Ga) is zero. □

Proof of Proposition 4.1.1. We begin by showing that f1 is an isomorphism. On H1, the map is the
injection

coker(V : Ext1(G∨,W )|σ → Ext1(G∨,W )) ↪→ Ext1(G∨,Ga),

so it suffices to show that the map Ext1(G∨,W )→ Ext1(G∨,Ga) induced by the surjectionW → Ga

is surjective. Let 0 → G → K → L → 0 be a resolution by commutative formal Lie groups. We
have a commutative square

Ext1(G∨,Ga) Ext2(G∨,W )

Ext1(K∨,Ga) Ext2(K∨,W )

0

where the left vertical map is zero by Lemma 4.1.2. Moreover, the map Ext2(G∨,W )→ Ext2(K∨,W )

is injective: its kernel is the image of Ext1(L∨,W ), and we have Ext1(L∨,W ) = Ext1(ˆ︂W,L) = 0 by
Proposition 2.3.7. It follows that the map Ext1(G∨,Ga) → Ext2(G∨,W ) is zero, and consequently
the map Ext1(G∨,W )→ Ext1(G∨,Ga) is surjective, as desired.

For fn, we have an exact sequence

Ext1(G∨,W )|σn
V n

→ Ext1(G∨,W )→ Ext1(G∨,Wn)→ Ext2(G∨,W )|σn
V n

→ Ext2(G∨,W )

yielding a short exact sequence

0→ H1(Mn)→ Ext1(G∨,Wn)→ ker(V n : Ext2(G∨,W )|σn → Ext2(G∨,W ))→ 0.

By the n = 1 case, the map H1(M1) → Ext1(G∨,Ga) is an isomorphism, so V : Ext2(G∨,W )|σ →
Ext2(G∨,W ) is injective. Since V n : Ext2(G∨,W )|σn → Ext2(G∨,W ) is the composition Ext2(G∨,W )|σn

V→
Ext2(G∨,W )|σn−1

V→ · · · → Ext2(G∨,W ) and restriction of scalars preserves injectivity, we have that
V n : Ext2(G∨,W )|σn → Ext2(G∨,W ) is injective, so H1(Mn)→ Ext1(G∨,Wn) is an isomorphism,
and we are done. □

This leads to the following result on the V -adic structure of M .

Proposition 4.1.3. For each n ≥ 1, Mn ∈ D(W (R)) is an iterated extension of the Witt Frobenius
restricted Lie complexes ℓ∨G, ℓ

∨
G|σ, . . . , ℓ∨G|σn−1 .
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Proof. By Grothendieck’s formula, we have a canonical isomorphism ℓ∨G
∼= τ≤1RHom(G∨,Ga).

Therefore the result follows from Proposition 4.1.1 and induction applied to the triangles

(M1)|σn
V n

→ Mn+1 →Mn
+1→ . □

4.2. Base change.

Proposition 4.2.1. Suppose that G ∈ C(R) and R → R′ is a morphism of p-nilpotent rings. Let
G′ = G×SpecR SpecR′. Then

M(G′) ∼= ER′
L
⊗
ER

M(G).

Proof. Let 0 → G → K → L → 0 be a resolution of G by formal Lie groups, and let 0 → G′ →
K ′ → L′ → 0 be the base change of this resolution to SpecR′. By Proposition 3.2.2, we have
M(G) ∼= Fib(M(K)→ M(L)) and M(G′) ∼= Fib(M(K ′)→ M(L′)). Applying derived base change
to ER′ yields a distinguished triangle

ER′
L
⊗
ER

M(G)→ ER′
L
⊗
ER

M(K)→ ER′
L
⊗
ER

M(L)
+1→

in D(ER′). By Lemma 2.4.9, we have ER′
L
⊗
ER

M(K) ∼= ER′ ⊗ER
M(K), so by compatibility of Cartier

theory with base change [Zin84, Theorems 4.43 and 4.45] we have ER′ ⊗ER
M(K) ∼=M(K ′). As the

same reasoning applies to L, we deduce

ER′
L
⊗
ER

M(G) ∼= Fib(M(K ′)→M(L′)) ∼=M(G′)

as desired. □

4.3. The case of a perfect field. Suppose that k is a perfect field of characteristic p. If G ∈ C(k),
then the Cartier dual G∨ of G is unipotent, and the classical Dieudonné module associated to G∨ is

D(G∨) = lim−→m
Hom(G∨,Wm)|σ−m .

Suppose that Fn
G = 0. Then D(G∨) = Hom(G∨,Wn)|σ−n . To relate D(G∨) to M(G), we consider

the long exact sequence formed by applying RHom(G∨,−) to

0→W (pn) V n

→ W →Wn → 0.

Lemma 4.3.1. If R is a perfect Fp-algebra and G ∈ C(R), then Hom(G∨,W ) = 0.

Proof. Pick n such that Fn
G = 0. If f : G∨ →W , then the following diagram commutes:

(G∨)(p
n) G∨

W (pn) W

V n
G∨

f(pn) f

V n
W

Since V n
W is injective and V n

G∨ = 0, we conclude f (p
n) = 0. Since R is perfect, f = 0. □

Lemma 4.3.2. Let R be an Fp-algebra and let A and B be flat affine group schemes over R. Then
the following diagram commutes:

Ext1(A,B(p)) Ext1(A,B(p))

Ext1(A,B) Ext1(A(p), B(p))

=

(VB)∗ (VA)∗

where the arrow Ext1(A,B)→ Ext1(A(p), B(p)) is induced by the Frobenius twist, and Ext is taken
in the fpqc topology over Spec(R).
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Proof. Suppose 0→ B(p) → E → A→ 0 is an fpqc extension of sheaves. By descent, E is also a flat
affine group scheme over R (e.g. by [Oor66, Proposition 17.4]1). Let E′ be the pushout of E along
VB : B(p) → B. We wish to show (E′)(p) ∼= E ×A,VA

A(p) as an extension of A(p) by B(p). Consider
the following diagram:

0 B(p2) E(p) A(p) 0

0 B(p) (E′)(p) A(p) 0

0 B(p) E ×A,V A(p) A(p) 0

0 B(p) E A 0

V

VE

=

=

⌟

=

⌟
V

Since E is a flat affine group scheme, VE exists and makes the long vertical squares in the diagram
commute. By definition of pushout and pullback, VE induces a map (E′)(p) → E ×A,VA

A(p) which
is compatible with the extension structure, as desired. □

Corollary 4.3.3. Let k be a perfect field of characteristic p > 0. If G ∈ C(k), then

M(G) ∼= D(G∨)[−1].

Proof. Suppose Fn
G = 0. Then D(G∨) = Hom(G∨,Wn)|σ−n = Hom(W∨

n , G)|σ−n . By Lemma 4.3.1,

Hom(G∨,W ) = 0, so M(G) ∼= Ext1(ˆ︂W,G)[−1]. By [AM25, Proposition 4.4.1], Cartier duality
induces an equivalence

Ext1(ˆ︂W,G) ∼= Ext1(G∨,W ).

By applying RHom(G∨,−) to

0→W
V n

→ W |σ−n →Wn|σ−n → 0,

it suffices to show (V n
W )∗ : Ext1(G∨,W ) → Ext1(G∨,W ) is zero. By Lemma 4.3.2, (V n

W )∗ agrees

with (V n
G∨)∗ = 0 up to a twist. Since k is perfect, (V n

W )∗ : Ext1(G∨,W )→ Ext1(G∨,W )|σ−n is zero,
which proves the claim. □

Remark 4.3.4. The same argument shows that if R is a perfect Fp-algebra and G ∈ C(R), then

M(G) ∼= Ext1fpqc(G
∨,W )[−1].

4.4. Exactness and extensions.

Proposition 4.4.1. Let R be a p-nilpotent ring and G′ → G→ G′′ be a sequence of morphisms in
C(R). Then

0→ G′ → G→ G′′ → 0

is exact in the fpqc topology if and only if

M(G′)→M(G)→M(G′′)

is a fiber sequence in D(ER).

Proof. First suppose that 0 → G′ → G → G′′ → 0 is exact in the fpqc topology. By definition,

M = τ≤1RHomfpqc(ˆ︂W,−), so it suffices to show that

Ext1fpqc(
ˆ︂W,G)→ Ext1fpqc(

ˆ︂W,G′′)

1In [Oor66], Oort assumes the base is locally Noetherian, but this is not used in the proof of Proposition 17.4.
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is surjective. Let 0 → G → K0 → K1 → 0 be a short exact sequence in the fpqc topology where
K0 and K1 are formal Lie groups. By Theorem 3.1.6, K0/G′ is also a formal Lie group, and by the
third isomorphism theorem,

0→ G′′ → K0/G′ → K1 → 0

is exact. Thus we have a commutative diagram

0 G K0 K1 0

0 G′′ K0/G′ K1 0

=

with exact rows. Applying RHomfpqc(ˆ︂W,−) gives the diagram

Hom(ˆ︂W,K1) Ext1fpqc(ˆ︂W,G) Ext1fpqc(ˆ︂W,K0)

Hom(ˆ︂W,K1) Ext1fpqc(
ˆ︂W,G′′) Ext1fpqc(

ˆ︂W,K0/G′)

=

with exact rows. By Proposition 2.3.7, Ext1fpqc(ˆ︂W,K0) = 0 and Ext1fpqc(ˆ︂W,K0/G′) = 0, so

Ext1fpqc(ˆ︂W,G)→ Ext1fpqc(ˆ︂W,G′′) is surjective.
Now suppose that M(G′) → M(G) → M(G′′) is a fiber sequence in D(ER). Since M is fully

faithful, the composition G′ → G→ G′′ is zero, so using [Jon93, Proposition 1.1] we may check the
exactness of 0 → G′ → G → G′′ → 0 on geometric fibers. Let s : Spec k → SpecR be a geometric
point. By Proposition 4.2.1, M is compatible with base change, and therefore applying derived base
change to Ek yields a fiber sequence

M(G′
s)→M(Gs)→M(G′′

s )
+1→

in D(Ek). By Corollary 4.3.3, the long exact sequence associated to this fiber sequence is

0→ D((G′
s)

∨)→ D(G∨
s )→ D((G′′

s )
∨)→ 0

whereD(−) is the classical contravariant Dieudonné module functor over k. Since classical Dieudonné
theory is an equivalence of abelian categories, it is exact, so 0 → G′

s → Gs → G′′
s → 0 is exact, as

desired. □

Lemma 4.4.2. Let R be a p-nilpotent ring. If G′, G′′ ∈ C(R) and
0→ G′ → G→ G′′ → 0

is a short exact sequence of abelian sheaves in the fpqc topology, then G ∈ C(R).

Proof. By [Oor66, Proposition 17.4], G is representable by an affine group scheme over R. Since
G′ → SpecR is finite locally free, fpqc descent [Sta25, Tag 02VO] implies G→ G′′ is a finite locally
free morphism, so G→ SpecR is finite locally free.

We must show G is fiberwise connected. By Proposition 3.1.2, it suffices to show the augmentation
ideal of the coordinate ring of G is nilpotent. Suppose G = SpecA,G′ = SpecA′, G′′ = SpecA′′,
with augmentation ideals I ⊆ A, I ′ ⊆ A′, I ′′ ⊆ A′′. Let π : G → G′′ be the quotient map and
g ∈ G(A/AI ′′) correspond to A→ A/AI ′′. Then π(g) = 0 since A′′ → A→ A/AI ′′ factors through
A′′ → A′′/I ′′ = R. Thus g ∈ ker(π) = G′, so the map A→ A/AI ′′ factors through A′. Since A↠ A′

takes I onto I ′ and I ′ is nilpotent, there exists n such that In ⊆ AI ′′. Since I ′′ ⊂ A′′ is nilpotent,
this implies I is nilpotent. □

Theorem 4.4.3. Let R be a p-nilpotent ring and G′, G′′ ∈ C(R). Then there is an isomorphism

Ext1fpqc(G
′′, G′) ∼= HomD(ER)(M(G′′),M(G′)[1])

defined by sending an extension
0→ G′ → G→ G′′ → 0

https://stacks.math.columbia.edu/tag/02VO
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to the cofiber M(G′′)→M(G′)[1] of the induced map M(G)→M(G′′).

Proof. First, we explain why sending 0→ G′ → G→ G′′ → 0 toM(G′′)→M(G′)[1] is well-defined.
By Lemma 4.4.2, if G is such an extension, then G ∈ C(R). By Proposition 4.4.1, M(G′) →
M(G) → M(G′′) is a fiber sequence in D(ER), so the cofiber of M(G) → M(G′′) is indeed a
map M(G′′) → M(G′)[1]. An isomorphism of extensions gives equivalent cofibers. This defines an
additive map

(7) Ext1fpqc(G
′′, G′)→ HomD(ER)(M(G′′),M(G′)[1]).

We claim (7) is injective. For suppose thatM(G′′)→M(G′)[1] is zero. Then there exists a splitting
u : M(G′′) → M(G) of the fiber sequence M(G′) → M(G) → M(G′′). Since M is fully faithful,
u =M(φ) where φ is a splitting of 0→ G′ → G→ G′′ → 0.

We claim that (7) is surjective. For let M ′ =M(G′) and M ′′ =M(G′′). Suppose that f :M ′′ →
M ′[1] is a map in D(ER). Let M be the fiber of f , so that there is a fiber sequence

M ′ →M →M ′′.

Since M ′ and M ′′ are derived V -complete, so is M . As M ′/LVM ′ and M ′′/LVM ′′ are perfect

complexes of R-modules of tor-amplitude [0, 1], so is M/LVM . Additionally, LDiv(ER

L
⊗
ER

M ′) = 0

and LDiv(ER

L
⊗
ER

M ′′) = 0, so that LDiv(ER

L
⊗
ER

M) = 0. By Theorem 3.4.4, M ≃ M(G) for

some G ∈ C(R). Full faithfulness of M(−) (Theorem 3.3.1) then implies that there are group
homomorphisms G′ → G → G′′ inducing the maps M(G′) → M → M(G′′). By Proposition 4.4.1,
0→ G′ → G→ G′′ → 0 is exact. Hence f :M ′′ →M ′[1] is in the image of [G] ∈ Ext1fpqc(G

′′, G′). □
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