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4.8 Let G = GLy(F,), B < G the subgroup of upper triangular matrices. Let
L be a degree one representation of B, and let W = Indg L.

(1) Express Resg W as a direct sum of irreducible representations of B.

(2) Compute (xw,xw)-
Solution:

(1) By the Mackey formula (see p. 58 of Serre),

RespInd L= @B Indj, L,
s€eB\G/B

where Ly is the representation of H, = sBs~! N B with underlying vector
space L and the action of Hy is given by twisting the action of B on L by
conjugation by s. That is, if p;, : B — GL(L) is the action of L, then the
action of Hy on L is

pr.(h) = pr(s~'hs),

well-defined since s~'hs € B by assumption.

We need to compute B\G/B. A matrix g € G acts on P!(F,) by sending
the equivalence class [z], where 2 € F2\ 0, to [Az]. The stabilizer of
[(1,0)] is B, since ¢g(1,0) € [(1,0)] if and only if the first column of g is
only nonzero in its first entry. This gives a bijection G/B — P!. Hence,
B fixes [(1,0)]. The group B acts transitively on P!\ [(1,0)] since

(6 1) (0l =10+ 1)

Hence, B\G/B is of size two. The double cosets are represented by B and

BT7B for
_ (0 1
=11 o)

This is an instance of the Bruhat decomposition.



Now 7Bt~ ! is the set of lower triangular matrices, so for T < G the
subgroup of diagonal matrices, TBT~! N B = T. Hence

RespInd§ L =L@ ndB L,.
Now we compute IndZ L. If we restrict to T', again by the Mackey formula

RespIndp L, = Y Indj (L),
s€T\B/T

for Ky = sT's~'NT. For U < B the subgroup of matrices with 1 on the
diagonal, we have B/T = U. For

u=<(1) i‘)eU, t:(g g>eT,
_(a aX\ (1 arg!
tu—(o ﬂ)_<0 3 )t.

Hence T\B/T has two elements, T" and TzT for = a Jordan block with
eigenvalue 1. We may compute 2Tz ' N T = [, the scalar matrices in

G. As this subgroup is central, the twisted representation (L, ), is just
the restriction of L, to F,’. Thus,

ResrIndf L, = L, & Ind] Resgx L.
By repeatedly applying Frobenius reciprocity, we see
Homp(Ind? L., Ind? L) = Homy(Resy Ind% L, L)
=~ Homy (L, L.) & Homy(Ind . Resgx Ly, Ly)
=~ Homyp (L., L) ® HomF; (Res]Fg L., Reng L,).

As ResF; L is a character of F;, the latter space is one-dimensional. We

conclude that Ind? L. is the sum of two distinct irreducible representa-
tions over B. Tracing through the above identifications shows one of those
irreducible representations restricts to L, over T, and the other is of di-
mension p — 1. As L, is one-dimensional and B = T[B, B], this uniquely
determines the degree 1 summand, which we will still denote by L.

By Frobenius reciprocity,
(xw, xw) = dim Homg(Ind$, L, Ind$ L)
= dim Homp(Resp Ind$ L, L).

By our description of the irreducible decomposition of Resp Indg L from
(1), this is one if L % L, as B-representations, and two if L & L.



